Substructural Type Theories Modelled by Polynomial Functors
(Talk Abstract)

The category Poly, of polynomial endofunctors on Set [9], is known to have a rich array of
categorical structures [10] and has featured extensively in work on applied category theory. The
perspective of Poly’s morphisms as bidirectional transformations leads to them being a useful
model for processes following a request/response pattern, with a covariant component propagating
requests and a contravariant part returning responses, whose types are dependent over their cor-
respondent requests [11, b]. Polynomial functors are closed under composition, acting as a kind of
sequencing operation, interleaving requests and responses into more complex interaction patterns.
While this can be a powerful semantic domain for modelling interactive systems, notations for
defining polynomials and their morphisms can be cumbersome in complex situations, obfuscating
the underlying information flow being expressed. This work aims to find a suitable typed language
for defining polynomials and their morphisms in an ergonomic fashion.

Von Glehn[12] shows how Poly can be used as a model of intuitionistic dependent type theory
(ITT). However the structural nature of intuitionistic type theory means that many of the features
that make Poly interesting as a category of study are inaccessible within this syntactic presentation.
In particular the bidirectional nature of morphisms in Poly is obfuscated, with much of the logical
structure merely reflecting that of the base category (i.e. Set). We explore a selection of extensions
to dependent type theory with Poly as an intended model, which allow for practical axiomatisations
of more specialised structures in Poly.

Spatial Modalities and Effects. We begin by extending ITT with a pair of adjoint modalities,
related to those of spatial type theory [[7]:
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Whereas spatial type theory employs dual contexts to handle substitutions through the comonadic
modality b, we grade variables in the context with mode annotations to allow a more fine-grained
assignment of modalities.

These facilitate the definition of “response types” which provide a way for types to refer to the
contravariant component of polynomials, and lead to introduction and elimination rules for the
composition product of functors.
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This syntax is deliberately chosen to recall the concept of algebraic effects and handlers. Indeed,
when we further extend the theory with a free monad type constructor, which can be defined as
a fixed-point E* =2 FE < E* + I, we can view terms of the type E* << A as computations of type
A in the presence of effects from a signature described by F, as has been noted in previous work
[2, 4]. Generalising this perspective we think of the type E <1 A as describing a computation of type
A in the presence of a ‘one-shot’ effect of type E. From this point of view we could consider our
language as a first-class theory of effects where types and effect signatures are one and the same.

Graded Linear Type Theory. The Dirichlet product (given by the Day convolution of the
underlying functors) can be interpreted as modelling a multiplicative linear product between poly-
nomials. Unlike in the previous theory this operation does not fit into ITT with unrestricted
cartesian contexts; but where the operation of context extension in the previous models can be
seen as generalising the cartesian product of polynomials, the Dirichlet product has a similar gen-
eralisation to a dependent linear product, leading us to consider a theory with linear contexts,
wherein every variable must be used exactly once.

In this system we find that the flat modality, b, plays a similar role to the notion of erasure
in other linear dependent systems (such as Quantitative Type Theory [1]) mediating a distinction
between term-level and type-level usage. Due to the comonadic nature of this modality, and the
somewhat surprising departure this implies from the usual dynamics of erasure in other languages,
we refer to the modality in this context as ‘coerasure’.

This structure, together with a suitable exponential comonad (turning cartesian products into
Dirichlet products), forms the basis of a model for a graded linear/non-linear dependent type
theory, supporting full type dependency between both linear and non-linear types, and retaining
the extensions discussed in the previous section to support response types and the composition
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Bunched Type Theory. Finally we show how Poly can be used as a model for a (dependent)
labelled bunched theory [8, B] inspired by the bunched type theory for parameterised spectra of
Riley [6].

Similar to the models discussed previously here, Riley’s theory makes use of a spatial modality to
mediate between type-level dependency and term-level usage. However while the additive setting of
Riley’s intended model means that b and £ coincide, we require a more fine-grained approach where
b provides a notion of coerasure in multiplicative context regions, and # models erasure in additive
regions. While the inclusion of an additional modality adds an additional level of complexity, we
note that the way in which type dependency is modelled between polynomials is more restricted
than that of the models Riley considers, allowing us to simplify other aspects of the theory.

Extending our notion of context to admit both cartesian extension and linear Dirichlet extension
provides a synthesis of the expressive power of the cartesian and linear languages we have discussed
thus-far, and results in a theory which we conjecture is complete for a category of polynomials
defined over a base syntactic model.
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