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Undirected graphical models are a widely used class of probabilistic models in machine learning that
capture prior knowledge or putative pairwise interactions between variables. Those interactions are
encoded in a graph for pairwise interactions; however, generalizations such as factor graphs account
for higher-degree interactions using hypergraphs. Inference on such models, which is performed
by conditioning on some observed variables, is typically done approximately by optimizing a free
energy, which is an instance of variational inference. The Belief Propagation algorithm is a dynamic
programming algorithm that finds critical points of that free energy. Recent efforts have been made
to unify and extend inference on graphical models and factor graphs to more expressive probabilistic
models. A synthesis of these works shows that inference on graphical models, factor graphs, and
their generalizations relies on the introduction of presheaves and associated invariants (homology and
cohomology groups). We propose to study the impact of the transformation of the presheaves onto the
associated message passing algorithms. We show that natural transformations between presheaves
associated with graphical models and their generalizations, which can be understood as coherent
binning of the set of values of the variables, induce morphisms between associated message-passing
algorithms. It is, to our knowledge, the first result on functoriality of the Loopy Belief Propagation.

1 Introduction and related work

The Belief Propagation algorithm (BP) [1, 2, 3, 4], and its generalization, the Generalized Belief Propa-
gation algorithm [5, 6], are celebrated for efficient approximate variational inference on graphical mod-
els, factor graphs, and more generally on models defined by factorizations over a collection of subsets
of variables. They can be interpreted as inference over a diagram of marginally compatible probability
distributions [7], generalizing inference from a single distribution to a collection of distributions defined
on local variables that satisfy compatibility conditions.

Compositionality of probabilistic models [8], inference and variational inference [9, 10, 11], and in
particular inference on acyclic graphical models such as Bayesian networks [12], have been at the center
of interest in recent years.

The appearance of sheaves over combinatorial objects (cellular complexes, posets) has found appli-
cations in topological data analysis [13] and in deep learning [14, 15, 16, 17, 18]. The Belief Propagation
algorithm can be interpreted as a procedure for finding critical points of a functional defined on the space
of sections of a presheaf of probability space [19, 20]. Extension of this algorithm has been proposed
for more general sheaves [21]. A sheaf-theoretic perspective on Belief Propagation has recently been
proposed [22].
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2 Functorial Belief Propagation on Posets

BP is used for inference on Bayesian networks, on acyclic undirected graphical models, but also on
loopy graphical models and factor graphs, for which many theoretical aspects remain to be understood
[23, 24]. BP induces nonlinear dynamics on what are called “messages” but does not enjoy good functo-
rial properties [22]. In this paper, we exploit the celebrated reformulation of fixed points of Generalized
BP as critical points of the Bethe Free Energy to introduce a message-passing algorithm that is functorial
and whose fixed points correspond to the critical points of the Bethe Free Energy and of Generalized
Belief Propagation.

More precisely, the Belief Propagation algorithm is a message-passing procedure that enforces con-
sistency conditions encoded by a presheaf over a partially ordered set, taking values in a finite set
[6, 19, 20, 21, 7]. In particular, one can interpret BP and Generalized BP as dynamical systems on the
Lagrange multipliers associated with the constraints satisfied by the sections of an associated presheaf,
seeking beliefs that are compatible under marginalization.

Exploiting results from [20, 21, 7], we observe that BP and Generalized BP can be decomposed into
a collection of operators of the form δ̃F ◦ g⟨·,·⟩H ◦ ζF† ◦ dF† , the last of which breaks functoriality under
natural transformations of presheaves. In our setting, natural transformations specify compatible ways
of binning values of groups of variables, similar to a "local coarse graining".

By considering an alternative message-passing algorithm MP built from δF ◦ g⟨·,·⟩H ◦ ζF† ◦ dF† which
computes exactly the same marginals that Generalized BP is designed to approximate, we obtain an
algorithm that maps natural transformations φ : F → G to linear maps, mimicking intertwining of linear
operators, on the nonlinear message-passing operators MPF → MPG (see Theorem 1,3). We will explain
all the operators appearing in the expressions of BP and MP in Section 2.2.

2 Preliminaries

Appendix A contains a brief overview of graphical models, factor graphs, and the motivation for in-
troducing the Bethe free energy. In what follows, we consider the more general setting that we call
graphical presheaves, introduced in [5], which extend graphical models and factor graphs, and then
consider arbitrary presheaves as introduced in [21, 7].

Notations: A undirected graph will be denoted G = (V,E), with V a finite set of vertices and E
a collection of edges, i.e. subsets of I of cardinal 2. A hypergraph [25], denoted as H = (V,H E), is
defined by a finite set of vertices V and a collection of finite subsets of V called hyperedges. Both a graph
and a hypergraph can be viewed as partially ordered sets, denoted respectively by A (G) and A (H ),
with the relation v < e whenever a vertex v ∈ V lies in the hyperedge e ∈ E. We consider a finite set
E and probability distributions p ∈ P(E), where P(E) denotes the space of all probability distributions
over E: for all x ∈ E, p(x) ≥ 0 and ∑x∈E p(x) = 1. We denote by P>0(E) the space of strictly positive
probability distributions, i.e., those p such that p(x)> 0 for all x ∈ E. We denote EV = ∏v∈V Ev the space
of configurations of atomic random variables Xv ∈ Ev, where each Ev is a finite set. Similarly, for a ⊆V ,
we write Ea = ∏v∈a Ev for the product over indices in a. For xv ∈ Ev, we let xa = (xv)v∈a ∈ Ea denote the
corresponding projection; depending on context, we may also use xa to denote a generic element of Ea.

2.1 Bethe Free Energy for factor graphs and extensions

Let A be a finite partially ordered set. The ‘zeta-operator’ of a poset A , denoted ζ , is the operator
from

⊕
a∈A R→

⊕
a∈A R, where

⊕
a∈A R is identified with the set of functions from A taking values

in R, defined as, for any λ ∈
⊕

a∈A R and any a ∈ A , ζ (λ )(a) = ∑b≤a λb. The zeta-operator of A is
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invertible (Proposition 2 [26]). We will call its inverse the Möbius inversion of A , and we will denote it
as µ . There is a collection (µ(a,b) ∈ Z;b,a ∈ A s.t. b ≤ a) such that, for any λ ∈

⊕
a∈A R and a ∈ A ,

µ(λ )(a) = ∑
b≤a

µ(a,b)λb. The coefficients c(a), which appear in the inclusion-exclusion principle, are

defined as c(a) = ∑b≥a µ(b,a). The reader can refer to Appendix C for a detailed presentation of Möbius
inversion and the inclusion-exclusion principle. Let I be an index set of random variables, i.e., for each
i ∈ I, there is a variable Xi ∈ Ei taking values in a finite set Ei. Let A be a collection of subsets of
I, i.e., A ⊆ P(I) is a subset of P(I), the power set of I; in particular it is a poset for the inclusion
relation, ⊆, on subsets of I. Consider, for each a ∈ A , a set of factors, fa : Ea = ∏i∈a Ei → R. Then
the joint distribution P ∈ P(EI) factors according to this collection of factors when, for any x ∈ EI ,
P(x) = ∏a∈A fa(xa). The Generalized Bethe free energy [5, 6] associated with A and the collection
( fa;a ∈ A ) is defined as, for any collection of probability distributions Q = (Qa ∈ P(Ea);a ∈ A ),

FBethe(Q) = ∑
a∈A

c(a)(EQa [Ha]−S(Qa)) (2.1)

with, for any a∈A , c(a)=∑b≥a µ(b,a), and for x=(xi; i∈ a) an element of Ea, Ha(xa)=∑b⊆a− ln fb(xb),
where xb = (xi, i ∈ b). We recover the case of graphical models when A = A (G) for a graph G and of
factor graphs when A =A (H ) for a hypergraph H . The collection of Qa,a ∈A that we are interested
in are the ones compatible under marginalization, i.e., when b ⊆ a, we require that Qb is the marginal of
Qa when summing out the variables Xa\b. This constraint appears naturally when introducing presheaves
that we shall define now.

Definition 1 (Graphical presheaves). Let I be a finite set, and let A ⊆ P(I) be a sub-poset of the
powerset of I. Let Ei, i ∈ I, be finite sets. For a ∈A , define Ea := ∏i∈a Ei. Let Fa := Ea, and for b ⊆ a, let
Fa

b : Ea → Eb be the projection map from ∏i∈a Ei to ∏i∈b Ei. The functor F is called a graphical presheaf
from A to finite sets.

The probabilistic sections of a graphical presheaf are the collection of probability distributions (Qa ∈
P(Ea),a ∈ A ) such that, for any b ⊆ a,

∀x ∈ Eb, Qb(x) = ∑
y:Fa

b (y)=x
Qa(y).

In the rest of the text, we shall rewrite the previous sum Qb(x) = ∑y∈Fa 1[Fa
b (y) = x]Qa(y), where

1[x ∈ A] is the indicator function which equals 0 if x ̸∈ A and 1 if x ∈ A.
The probabilistic sections of a graphical presheaf F are the sections, in the classical sense, of a

presheaf that we will denote as PF and define just after. See Appendix B for a review of the classical
definitions and constructions related to presheaves. Sections of presheaf R correspond to elements va ∈
R(a), a ∈ A that satisfy the following compatibility property: whenever b ≤ a, then Ra

b(va) = vb. The
set of sections of a presheaf R is denoted by limR. The presheaf PF associates to each element a ∈ A
the space of probability distributions P(Ea), viewed as a finite-dimensional vector space, where Ea is the
corresponding set. For inclusions b ⊆ a, it associates the marginalization map PFa

b : P(Ea) → P(Eb),
which sends P ∈ P(Ea) to the pushforward measure defined as follows: for any x ∈ Eb, PFa

b (P)(x) =
∑y∈Ea 1[Fa

b (y) = x]P(y).
The optimization problem for variational inference graphical presheaves F , as introduced in [5, 6],

involves minimizing the Bethe Free Energy FBethe(Qa;a ∈ A ) under the convex constraint that the
(Qa;a ∈ A ) are probabilistic sections of PF , i.e., (Qa;a ∈ A ) ∈ limPF .

Graphical presheaves have the drawback of being very restrictive: the space Ea must be a product
of atomic sets Ei for i ∈ I, with i ∈ a, corresponding to an ‘atomic’ variable Xi ∈ Ei. Furthermore, the
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maps that relate values in Ea to Eb, whenever b ⊆ a, this must correspond to ignoring the variables Xa\b
following the projections from Ea = ∏i∈a Ei to Eb = ∏i∈b Ei. These variables Xa for a ∈ A correspond
to the hidden variables that build the prior governing the dependencies among observed variables. It
seems natural to rather associate with each a ∈ A a variable Za ∈ Fa taking values in any finite set Fa.
Furthermore, in this more general setting, one would want any possible relationship between Za and Zb,
i.e., any function from Fa to Fb whenever b⊆ a. In [21, 7], a generalization of the Bethe free energy and of
the Belief Propagation algorithm are proposed for arbitrary variables Za ∈ Fa indexed over any partially
ordered set (A ,≤). The relationships between Za and Zb when b ≤ a are given by stochastic maps, i.e.,
stochastic matrices whose rows consist of positive real values that sum to one. For the development of
our paper, we only need the more restrictive case where the maps are deterministic, i.e., we allow any
function Fa

b : Fa → Fb to relate the variables Za and Zb when b ≤ a. For this reason, in what follows,
our main object of interest are presheaves from a poset A taking values in finite sets and the associated
presheaf of probability distributions and their extension to probability distribution and vector spaces. We
will denote FinSet the category whose objects are finite sets and whose morphisms are maps between
these sets (see Appendix B).

Definition 2 (Presheaf in finite sets and extensions). Let F be a presheaf over a finite poset (A ,≤) taking
values in finite sets, i.e. a function that assigns to each element a ∈ A a finite set Fa and a collection
of functions Fa

b : Fa → Fb for any pair b,a ∈ A such that b ≤ a, satisfying the condition that whenever
c ≤ b ≤ a, Fb

c ◦Fa
b = Fa

c .
We call the probabilistic extension of F the presheaf PF, which assigns to each element a ∈ A the

set of probability distributions P(Fa). To any pair of elements b,a ∈ A such that b ≤ a, it assigns the
map PFa

b : P(Fa)→ P(Fb), which sends a probability distribution P ∈ P(Fa) to its pushforward measure.
For any x ∈ Fb, this is defined as

PFa
b (P)(x) = ∑

y∈Fa

1[Fa
b (y) = x]P(y).

Since Fa is a finite set, P(Fa) ⊆ RFa is a simplex in the vector space of real-valued functions RFa .
Furthermore, PFa

b is the restriction of a linear map from RFa to RFb . We denote the associated linear
map by F̃a

b :RFa →RFb , F̃a
b (λ )(x) =∑y∈Fa 1[Fa

b (y) = x]λ (y). The collection of spaces (F̃a :=RFa ;a∈A )

and of linear maps (F̃a
b : RFa → RFb ;a,b ∈ A such that b ≤ a), defines a presheaf over A taking values

in finite vector spaces; we shall not it as F̃.
The dual map F̃a,∗

b : F̃∗
b → F̃∗

a sends linear forms l : F̃b → R to F̃a,∗
b (l) = l ◦ F̃a

b . The collection of
vector spaces (F̃∗

a ;a ∈ A ) and linear maps F̃a,∗
b for b,a ∈ A ,b ≤ a defines a functor over A taking

values in vector spaces. We shall denote this functor by F̃∗. When a scalar product ⟨·, ·⟩a is specified on
each vector space F̃a, there is an isomorphism f⟨·,·⟩a : F∗

a → Fa which allows us to identify F̃a,∗
b with its

adjoint F̃a,†
b , defined as F̃a,†

b = f⟨·,·⟩a ◦ F̃a,∗
b ◦ f−1

⟨·,·⟩a
.

The Generalized Bethe Free Energy for presheaves F from a finite poset taking values in finite sets,
and a collection of Hamiltonians Ha : Fa → R, has the same expression as Equation 2.1, where c(a) =
∑b≥a µ(b,a) are defined using the Möbius inversion of the poset A , and Q are elements of limF .

2.2 The General Belief Propagation Algorithm for Factor Graphs, Graphical Presheaves,
and Generalization to presheaves of Sets

The General Belief Propagation algorithm is used to find the critical points of the Generalized Bethe Free
Energy. A classical result states that the fixed points of this algorithm correspond to the critical points
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of that free energy, which we state in Proposition 1 and reprove in Appendix D. Let us now recall the
expression of this algorithm following [5, 6].

Let I be a finite set that serves as index for variables (Xi ∈ Ei; i ∈ I), each of which takes values in a
finite set Ei; let A ⊆ P(I) be a collection of subsets of I. Let (Ha : Ea → R,a ∈ A ) be a collection of
Hamiltonians. Let us denote the update rule of the General Belief Propagation algorithm as BP. BP acts
on messages that we will now define. In the classical presentation of the algorithm, there are two types
of messages at each time t ∈ N∗. For elements a,b ∈ A such that b ⊆ a, we have top-down messages
ma→b ∈ REb

>0 and bottom-up messages nb→a ∈ REb
>0.

These messages are related as follows:

∀a,b ∈ A ,s.t. b ⊆ a, nt
b→a = ∏

c:b⊆c
c̸⊆a

mt
c→b (2.2)

Beliefs, which are interpreted as probability distributions up to a multiplicative constant are defined
as follows:

∀a ∈ A ,∀xa ∈ Ea bt
a(xa) ∝ e−Ha(xa) ∏

b∈A :
b⊆a

nt
b→a(xb) (2.3)

where ∝ stands for proportional to. The multiplication of function nb→a that have different domains is
made possible because there is an the embedding of REb into REa implicitly implied in the last equation;
indeed, for x ∈ Ea and f ∈ REb , f : x 7→ f (xb) defines a function from Ea to R.

For simplicity, we require that ba be a probability distribution and normalize it accordingly. The
update rule is given by,

∀a,b ∈ A s.t.b ⊆ a,∀x ∈ Eb, mt+1
a→b(x) = mt

a→b(x)
∑y∈Ea:yb=x bt

a(y)
bt

b(x)
(2.4)

One observes that in the previous Equation 2.4, any normalization of beliefs does not change the
update rule.

The update rule can be rewritten in a more condensed manner, updating only the top-down messages,
for all a,b ∈ A , such that b ≤ a,

mt+1
a→b(x) = mt

a→b(x)
∑y∈Ea:yb=x e−Ha(y) ∏c∈A :

c⊆a
∏d:c⊆d

d ̸⊆a
mt

d→c(yc)

e−Hb(x) ∏c∈A :
c⊆b

∏d:c⊆d
d ̸⊆b

mt
d→c(xc)

(2.5)

We denote the collection (ma→b;a,b ∈ A ,b ≤ a) as m. We denote BP : ∏a,b:b⊆aREb → ∏a,b:b⊆aREb

as the operator underlying the update rule of Equation 2.5, i.e., we define BP(mt) = mt+1.
Consider the collection (Ca→bma→b;a,b ∈ A ,b ≤ a), where Ca→b is a strictly positive constant, i.e.,

it does not depend on x ∈ Eb. Then, there is a collection of constants (C′
a→b > 0;a,b ∈ A ,b ≤ a) such

that
BP(Ca→bma→b;b ≤ a) = (C′

a→b ·BP(m)a→b;b ≤ a).

Furthermore, the associated beliefs defined by Equation 2.3 remain unchanged under multiplication
of ma→b by a constant Ca→b for all a,b ∈ A such that b ≤ a.
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Therefore, BP is an algorithm that preserves the equivalence classes {C ·m}, i.e., it is defined by the
relation m ∼ m′ whenever there is a collection of scalars (Ca→b ̸= 0;a,b ∈ A ,b ≤ a) such that

ma→b =Ca→bm′
a→b for any a,b ∈ A with b ≤ a.

We shall denote the equivalence class of m as [m]. The action of BP on the equivalence classes of
messages is denoted by [BP] and defined as [BP]([m]) = [BP(m)].

Proposition 1 (Yedidia, Freeman, Weiss, Peltre). Let I be an finite set, and A ⊆ P(I) a collection of
subsets of I; let F be a graphical presheaf. Let (ma→b ∈ REb

>0,a,b ∈ A s.t. b ⊆ a) be a fix point of the
Generalized Belief Propagation up to a multiplicative constant, i.e. [m] = [BP]([m]). Let (ba,a ∈ A ) be
the associated beliefs normalized so that each ba ∈ P(Ea) (Equation 2.3). Then (ba,a ∈ A ) is a critical
point of FBethe under the constraint that p ∈ limPF. Furthermore, any critical point of FBethe in limPF
is a belief associated to a fixed point of BP.

Proof. See Theorem 5.15 in [6] or Theorem 5 in [5]. This result is also a corollary of Theorem 2.2. [21].
In Appendix D, we reprove the result.

An extension of the Belief Propagation algorithm to presheaves from a finite poset taking values in
finite sets can be found in [21, 7]. In their work, for each presheaf F , they propose a message-passing
algorithm, that we will denote as MP, whose set of fixed points corresponds to the critical points of
the Generalized Bethe Free Energy. When considering graphical presheaves, these message-passing
algorithms slightly differ from the Belief Propagation algorithm but have the same fixed points, see
Appendix E for a description of the shared properties of the two algorithms. However, as we will show,
MP behaves well under natural transformations φ : F → G, whereas BP does not. In Appendix F, we
show, however, that the generalized Belief Propagation algorithm is not functorial. Let us now recall
their message-passing algorithm, MP. To do so, following [21, 7], we need to introduce the elementary
operators from which MP is built.

For a functor G from A to R-vector spaces, we define µG as, for any a ∈ A and v ∈
⊕

a∈A Ga,
µG(v)(a) = ∑b≤a µ(a,b)Gb

a(vb). Let F be a presheaf from a finite poset A to finite sets FinSet. Let us
call FE : ∏a∈A REa → ∏a∈A R the extension of FBethe to real valued functions, i.e.

∀a ∈ A , FE(h)(a) = ∑
xa∈Fa

ha(xa)Ha(xa)+ ∑
xa∈Fa

ha(xa) lnha(xa) (2.6)

Let us denote b ≤ a as a → b. Let δF :
⊕

a∈A Fa →
⊕

a,b∈A :b≤a Fb be defined as, for (va ∈ Fa,a ∈A ):

∀a,b ∈ A ,s.t. b ≤ a, δF(v)(a → b) = Fa
b (va)− vb (2.7)

For a (covariant) functor G, dG :
⊕

a,b∈A :b≤a G(b)→
⊕

a∈A Ga is defined for (va→b,a,b∈A such that a≥
b) as

dG(v)(a) = ∑
b:b≤a

Gb
a(va→b)− ∑

b:a≤b
vb→a. (2.8)

Here, G will be either F∗ or F† when each space Fa is equipped with a scalar product ⟨·, ·⟩a.
The ζ function of a functor G plays an import role in the Belief propagation algorithm. ζG :⊕

a∈A Ga →
⊕

a∈A Ga is defined as, for v ∈
⊕

a∈A Ga,
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ζG(v)(a) = ∑
b≤a

Gb
a(vb) (2.9)

Proposition 2. Let F be a presheaf from a finite to finite sets. Let Ha ∈ RFa ,a ∈ A , be a collection of
Hamiltonians. The differential dFE :

⊕
a∈A F̃a →

⊕
a∈A F̃∗

a that sends h to dhFE is invertible. We will
denote its inverse by gH :

⊕
a∈A F̃a →

⊕
a∈A F̃a.

Proof. Recall that FEa(ha) = ∑xa ha(xa)Ha(xa)+∑xa ha(xa) lnha(xa), where h ∈REa , and dx denotes the
differential of the function at point x. Therefore,

dhFEa = ∑
xa

dha(xa)(Ha(xa)+ lnha(xa)+1). (2.10)

with dha(xa) ∈
⊕

F̃∗
a being the linear form acting as (hb(xb);b ∈ A ,xb ∈ Fb) 7→ ha(xa). Consider

the scalar products ⟨ha,h
′
a⟩a = ∑xa∈Fa ha(xa)h

′
a(xa) for each a ∈ A ; denote ya ∈ F̃a the identification of

dhFEa ∈ F∗
a in Fa; then the reformulation of Equation 2.10 is the following,

∀xa ∈ Fa,ya(xa) = Ha(xa)+ lnha(xa)+1

The previous equation is equivalent to

∀xa ∈ Fa,ha(xa) = e−Ha(xa)+ya(xa)−1

Therefore, we define

∀a ∈ A ,∀xa ∈ Ea, g+Ha,a(l)(xa) = e−Ha(xa)+la(xa)−1. (2.11)

The function gH = (gHa,a;a ∈ A ) is the inverse of dFE when the image of dFE, i.e.,
⊕

a∈A F̃∗
a , is

identified with
⊕

a∈A F̃a through the scalar product ⟨h,h1⟩= ∑a∈A ⟨ha,h1,a⟩a.

Remark 1. Any other choice of scalar product ⟨·, ·⟩1 on F̃a induces another map g⟨·,·⟩1
a : F̃a → F̃a defined as

ga ◦ f⟨·,·⟩ ◦ f−1
⟨·,·⟩1

, where ⟨·, ·⟩ is given by ⟨h,h1⟩= ∑xa∈Ea h(xa)h1(xa). The way the inverse gH = F̃∗
a → F̃a

of Proposition 2 is represented as a function g⟨·,·⟩H depends on the choice of scalar product on Fa. For the
scalar products ⟨ha,h

′
a⟩ = ∑xa ha(xa)h

′
a(xa), we denote the identification f ⟨·,·⟩ : F̃∗

a → F̃a as f+ and the
associated inverse map as g+H .

In what follows, we denote
⊕

a,b :b≤a Fb as F→ to simplify the notations.

Definition 3 (Message passing algorithms [21]). Choose for each a ∈ A a scalar product ⟨·, ·⟩a on
F̃a; equip F→ with the following scalar product: ⟨l, l1⟩ = ∑b,a :b≤a⟨la→b, l1,a→b⟩b. The message-passing
algorithm MPF,H for inference on a presheaf F from a finite poset A to finite sets, with Hamiltonians
(Ha ∈ REa ;a ∈ A ), is defined as follows:

∀l ∈ F→, MPF,H(l) = l +δF ◦g⟨·,·⟩H ◦ζF† ◦dF†(l) (2.12)

The algorithm starts with a random initialization of messages l0 ∈ F→, and lt+1 is updated into the
value MPF,H(lt). We will denote ∆MPF,H the increment δF ◦gH ◦ζF† ◦dF† .
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Proposition 3. Let F be a presheaf from a poset A taking values in finite sets. Let (Ha ∈ REa ;a ∈ A )
be a collection of Hamiltonians. Let (la→b ∈ F̃∗

b ;a,b ∈ A : b ≤ a) be a fixed point of MPF,H , i.e.,
MPF,H(l) = l. Let ba ∈ P(Fa) be the unique probability distribution such that

ba ∝ gH ◦ζF∗ ◦dF(l).

Then (ba,a ∈ A ) is a critical point of FBethe under the constraint that p ∈ limPF. Furthermore, any
critical point of FBethe in limPF is a belief associated to a fixed point of MPF,H .

Proof. Theorem 2.2. [21]. In Appendix D, we reprove the result.

Remark 2. Regardless of the choice of a scalar product, the fixed points of the associated message passing
algorithm (Proposition 3) correspond to the same critical points. Indeed, the critical points are defined
without the need to specify any scalar product. Furthermore, as explained in Appendix E, the fixed points
of BP and MP are in correspondence; both algorithms (Propositions 1 and 3) allow us to characterize the
critical points of the Bethe free energy.

3 Main results

3.1 Functoriality of ∆MP

Let A be a finite poset, and let F,G be two presheaves taking values in finite sets. A natural transforma-
tion φ : F → G is a collection of maps φa : Fa → Ga compatible with the maps induced by the relation
b ≤ a, i.e., Ga

b ◦φa = φb ◦Fa
b whenever b ≤ a (see Appendix B).

Recall that the the presheaves we are concened with have as source a finite poset and take values in
finite sets with function for each relation b ≤ a. Each presheaf encodes a collection of local variables
that interact via maps and specifies how beliefs on each local variable should be compatible through the
marginalisation of probability distributions when one wants to form a global description of that collection
of variables. A natural transformation then assigns to each element x ∈ Fa an element φa(x) ∈ Ga in
such a way that these assignments are compatible with the maps relating a collection of variables Xa

to another Xb whenever b ≤ a. A very simple example arises from factor graphs. Let H = (V,E ) be
the hypergraph associated to a factor graph. For each vertex v ∈ V , let fv : Ev → Bv be any function;
this function can be interpreted as sending each xv ∈ Ev to its a bin fv(xv) ∈ Bv. The graphical presheaf
induced by the family (Ev;v ∈V ) and the hypergraph H is defined by the collection of sets Ea =∏v∈e Ev

for each hyperedge e ∈ E , together with the projection maps Ee → Ev for v ∈ e. Then the induced
maps fa : ∏v∈a Ev → ∏v∈a Bv are natural in a ⊆V , and thus define a natural transformation between the
graphical presheaf associated to (Ev;v ∈V ) and the graphical presheaf associated to (Bv;v ∈V ) over the
same poset A (H ).

A natural transformation from F to G induces a natural transformation between the presheaves PF to
PG and F̃ to G̃ defined respectively as, for any P ∈ P(Fa) and x ∈ Ga, Pφ(P)(x) = ∑y∈Fa 1[φa(y) = x]P(y)
and for any h ∈ RFa , φ̃(h)(x) = ∑y∈Fa 1[φa(y) = x]h(y). Similarly, there is a natural transformation of
functors φ ∗ : G̃∗ → F̃∗, i.e., a collection φ ∗

a : G̃∗
a → F̃∗

a . It is defined as follows: for any a ∈ A and
l ∈ G̃∗

a, φ ∗
a (l) = l ◦φa. Similarly, when the spaces are equipped with a scalar product, there is a natural

transformation φ † : G̃† → F̃†.
φ̃ ,φ ∗,φ † are extended into maps on the sources and targets of the operators δF , gH , ζF∗ , and dF . φ

extend to φ⊕ :
⊕

a∈A F̃a →
⊕

a∈A G̃a where for v ∈
⊕

a∈A F̃a, φ⊕(v)a = φ̃(va); we denote φ⊕ simply as
φ . Similarly φ⊕,∗ :

⊕
a∈A G̃∗

a →
⊕

a∈A F̃∗
a , where φ ∗(l)a = la ◦ φa; for the choice of scalar product on
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F̃a, φ⊕,† =
⊕

a∈A φ †
a . Similarly, φ extends to φ1 : F→ → G→, where φ(v)a→b = φ̃(va→b) for v ∈ F→. The

map φ ∗
1 : G̃∗

→ → F̃∗
→ is defined as

⊕
a,b :b≤a φ ∗

b and φ
†
1 =

⊕
a,b :b≤a φ

†
b .

Theorem 1. Let F,G be two presheaves from a finite poset A taking values in finite sets FinSet; let
φ : F → G be a natural transformation. Then, for any collection of Hamiltonians (Ha : Fa → R;a ∈ A ),
and any choice of scalar product on F̃a and G̃a with a ∈ A ,

∆MPG,H̃ = φ1 ◦∆MPF,H ◦φ
†
1 (3.1)

where for any a ∈ A ,

∀y ∈ Ga, H̃a(x) =− ln ∑
x∈Fa:φa(x)=y

e−Ha(x) (3.2)

with the convention that if x ̸∈ imφa, then H̃a =+∞.

Proof. In Appendix G, we give a detailed proof of Theorem 1. It relies on showing the following prop-
erties:

φ
∗ ◦dG = dF ◦φ

∗
1

φ
∗ ◦ζG∗ = ζF∗ ◦φ

∗

φ1 ◦δF = δG ◦φ

(3.3)

One shows that for the choice of scalar product ⟨l, l1⟩a = ∑xa∈Fa l(xa)l1(xa), then,

φ ◦g+H ◦φ
† = g+

H̃

Recall that f+ is the map that identifies F∗
a with Fa, and g+H is the map associated with gH by such an

identification.
And one observes that for any other scalar product ⟨·, ·⟩,

φ ◦g⟨·,·⟩H ◦φ
†
⟨·,·⟩ = φ ◦g+H ◦ f+ ◦ f−1

⟨·,·⟩ ◦φ
†
⟨·,·⟩

as
g⟨·,·⟩H = g+H ◦ f+ ◦ f−1

⟨·,·⟩.

Then,
g⟨·,·⟩H ◦φ

†
⟨·,·⟩ = g+H ◦ f+ ◦φ

∗ ◦ f−1
⟨·,·⟩ = g+H ◦ f+ ◦φ

∗ ◦ f−1
+ ◦ f+ ◦ f−1

⟨·,·⟩.

As
φ ◦g+H ◦ f+ ◦φ∗ ◦ f−1

+ = φ ◦g+H ◦φ
† = g+

H̃
,

then,
φ ◦g⟨·,·⟩H ◦φ

†
⟨·,·⟩ = φ ◦g+

H̃
◦ f+ ◦ f−1

⟨·,·⟩.

Therefore,
φ ◦g⟨·,·⟩H ◦φ

†
⟨·,·⟩ = g⟨·,·⟩

H̃
.
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Remark 3. By convention, we allow Ha(xa) to be equal to +∞ for some a ∈ A and xa ∈ Fa. If, further-
more, the collection of subsets Sa = {xa | Ha(xa) = +∞} is such that Sa = Fa \Sa defines a subobject of
F that we will denote as S, i.e. if Fa

b (Sa)⊆ Sb, then for any l ∈ F→,

∀a,b, b ≤ a, ∀xb ∈ Sb, MP(l)a→b(xb) = 0

The proof of these statements can be written straightforwardly or can be seen as a consequence of
Theorem 1 for φ : S ↪→ F , the inclusion of the subobject (Sa;a ∈A ) into F . In particular, for any natural
transformation φ : F → G, the image imφ = (imφa;a ∈ A ) is a subobject of G. To avoid having to
handle points a ∈ A and xa ̸∈ imφa for which H̃a(xa) = +∞, one can restrict MP to messages l ∈ G→
that satisfy la→b(xb) = 0 for all xb ̸∈ imφb.

Similarly, one can choose as a convention that BP(m)a→b(xb) = −∞ for xb ∈ Sb; more precisely, in
both case for MP and BP both conventions imply that the associated beliefs are 0:

ba(xa) = g⟨·,·⟩H ◦ζF† ◦dF†(lnm)(a,xa) = 0,

Then for xb ∈ Sb, we have
Fa

b (ba)(xb) = 0.

Proposition 4 (The category MPA). Let us now define the category of message passing algorithms,
which we will denote as MPA. Its objects are maps D0 : H ×S → H, where H is a Hilbert space and S
is a topological space; those maps correspond to dynamics from a Hilbert space H to itself, indexed by
a parameter space S.

Consider a second object, D1 : H1 ×S1 → H1. A morphism between two such objects, φ : D0 → D1,
is a pair (φ0,φ1), where φ0 : H → H1 is a bounded linear map and φ1 : S → S1 is a continuous map, such
that

∀x ∈ H1,∀s ∈ S, D1(x,φ1(s)) = φ0 ◦D0(φ
†
0 (x),s).

The composition φ ◦ψ of two morphisms φ ,ψ is defined as the composition of their maps φ0 ◦ψ0
and φ1 ◦ψ1.

Proof. φ0 ◦ ψ0 and φ1 ◦ ψ1 are respectively bounded linear and convex; the composition is indeed a
morphism, φ ◦ψ : D0 → D2, from D0 to D2 as:

∀x ∈ H2,∀s ∈ S, D2(x,(φ1 ◦ψ1)(s)) = φ0 ◦D1(φ
†
0 (x),φ1(s)) = φ0 ◦ψ0 ◦D0(ψ

†
0 ◦φ

†
0 (x),s).

and so,
∀x ∈ H2,∀s ∈ S, D2(x,(φ1 ◦ψ1)(s)) = φ0 ◦ψ0 ◦D0((φ0 ◦ψ0)

†x,s)

Let us denote the category of presheaves from a poset A to finite sets as ˆA f . The space ∏a∈A RFa is
a finite-dimensional vector space and therefore a topological space for any norm defined on it. Consider,
for example, the ∥ · ∥∞ norm, defined as ∥H∥∞ = supa∈A supxa∈Fa

|Ha(xa)|.
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Theorem 2. Let A be a finite poset; let F : A → FinSet be a presheaf from A to finite sets. Recall that
F→ =

⊕
a,b∈A :b≤a Fa; equip each F̃a =RFa with any scalar product ⟨·, ·⟩a which in turn equips F→ with a

scalar product. The map ∆MP(F) : F→×∏a∈A RFa → F→ is defined as,

∀l ∈ F→,H ∈ ∏
a∈A

RFa , ∆MP(F)(l,H) = ∆MPH(l)

To a natural transformation φ : F → G between two presheaves of ˆA f , ∆MP(φ) = (φ ,ψ) is a mor-
phism between ∆MP(F) and ∆MP(G) in MPA, where

∀a ∈ A , ya ∈ Ga, ψ(H)a(ya) =− ln ∑
xa∈Fa :φa(xa)=ya

e−Ha(xa)

Furthermore, ∆MP is a functor from ˆA f → MPA.

Proof. It is a direct consequence of Theorem 1. See Appendix G for the full proof.

3.2 Functoriality of MP

Let F be a presheaf of ˆA f , and recall that for m ∈ F→, MPF,H(m) = m+∆MPF,H(m). Let G be a second
presheaf of ˆA f , and let φ : F → G be a natural transformation. Then, by Theorem 1, MPG,H̃(m) =

m+ φ ◦∆MPF,H(φ
†(m)); however, φ ◦ φ † is not necessarily equal to the identity map, and therefore

MPG,H̃ is, in general, different from MPG,H̃ ◦φ †. We will show in this section that for a good choice of
scalar products on the Fa’s, with a ∈ A , MPF,H is also a functor.

Lemma 1. Let F,G be two presheaves from a poset A to a finite measurable set, let φ : F → G be a
natural transformation. Consider on G̃a the standard scalar product ⟨h, j⟩ = ∑x∈Ga h(xa) j(xa); for any
a ∈ A , consider the following scalar product on F̃a:

⟨ f ,g⟩φ
a = ∑

xa∈Fa

|φ−1
a ({φa(xa)})| f (xa)g(xa).

Then φa : F̃a → G̃a and its adjoint φ † satisfy φ ◦φ †( f ) = f for any f ∈ ∏a∈A Rimφa , i.e., φ ◦φ † is the
identity map on ĩmφ ; furthermore, φ † is an isometry. In particular, if φ is a epimorphism, i.e. if for all
a ∈ A φa is surjective, then φ ◦φ † = id.

Proof. Let f ∈ G̃a and g ∈ F̃a, then,

⟨ f ,φ(g)⟩= ∑
ya∈Ga

f (xa) ∑
xa:φa(xa)=ya

g(xa)

= ∑
xa∈Fa

f (xa)g(φa(xa))
|φ−1

a ({φa(xa)})|
|φ−1

a ({φa(xa)})|

Therefore, φ †(g)(xa) =
1

|φ−1
a ({φa(xa)})|

g◦φ(xa). Furthermore, when φa : Fa → Ga is surjective,

∀ya ∈ Ga, (φ ◦φ
†g)(ya) = ∑

xa:φ(xa)=ya

1
|φ−1

a ({φa(xa)})|
g◦φ(xa).

When φ−1
a ({ya}) is empty, the previous expression is 0. If it is not empty—which is the case when

φ : Fa → Ga is surjective—then
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∑
xa:φ(xa)=ya

1
|φ−1

a ({φa(xa)})|
g◦φ(xa) = ∑

xa:φ(xa)=ya

1
|φ−1

a ({ya})|
g◦φ(xa) = g(ya).

In particular for f ,g ∈ ˜imφ a, one has that,

⟨φ †( f ),φ †(g)⟩φ
a = ⟨φ ◦φ

† f ,g⟩a = ⟨ f ,g⟩a,

which shows that φ † is an isometry.

Theorem 3. Let A be a finite poset; let F,G : A → FinSet be two presheaves from A to finite sets.
Let φ : F → G be a epimorphisms, i.e. a natural transformation made of surjective maps. Recall that
F→ =

⊕
a,b∈A :b≤a Fa; equip each F̃a = RFa with any scalar product ⟨·, ·⟩φ

a , which in turn equips F→ with

a scalar product. Let for l ∈ F→ and H ∈ ∏a∈A RFa , MP(F)(l,H) = l + δF ◦ g⟨·,·⟩
φ

H ◦ ζF† ◦ dF†(l); let
MP(φ) = (φ ,ψ) with,

∀a ∈ A , ya ∈ Ga, ψ(H)a(ya) =− ln ∑
xa∈Fa:φa(xa)=ya

e−Ha(xa).

Then MP is a functor from ˆA f to MPA.

Proof. Theorem 3 is a direct consequence of Lemma 1 and Theorem 2 as for any l ∈ G→,

φ ◦MPF,H ◦φ
†(l) = φ ◦φ

†(l)+φ ◦MPF,H ◦φ
†(l) = MPG,H̃(l)

For a detailed proof of the result, see Appendix G.
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of Statistics, Series A, 1979.

http://opeltre.github.io


14 Functorial Belief Propagation on Posets

[31] Jonathan S Yedidia, William T Freeman, and Yair Weiss. Constructing free-energy approximations and gen-
eralized belief propagation algorithms. IEEE Transactions on information theory, 51(7):2282–2312, 2005.

[32] Grégoire Sergeant-Perthuis and Nils Ruet. Inference on diagrams in the category of Markov kernels (Ex-
tended abstract). In 7th International Conference on Applied Category Theory (ACT 7), Oxford (UK), United
Kingdom, June 2024. David Jaz Myers and Michael Johnso.

[33] Saunders Mac Lane. Categories for the working mathematician, volume 5. Springer Science & Business
Media, 2013.

[34] Emily Riehl. Category theory in context. Courier Dover Publications, 2017.

[35] Jakob Hansen and Robert Ghrist. Distributed optimization with sheaf homological constraints. In 2019 57th
Annual Allerton Conference on Communication, Control, and Computing (Allerton), pages 565–571, 2019.

[36] Erik Carlsson, Gunnar Carlsson, and Vin De Silva. An algebraic topological method for feature identification.
International Journal of Computational Geometry & Applications, 16(04):291–314, 2006.

[37] Pierre Baudot and Daniel Bennequin. The homological nature of entropy. Entropy, 17(5):3253–3318, 2015.

[38] Juan Pablo Vigneaux. Information structures and their cohomology. Theory and Applications of Categories,
35(38):1476–1529, 2020.

A Graphical Models, Hypergraphs and generalizations

A.1 Factor Graphs

Let G = (V,E) be an undirected graph, where V is a finite set of vertices and E is a collection of undi-
rected edges, i.e., subsets of V of cardinality 2. For v ∈V , let us denote by ∂v the neighbors of v, i.e., the
elements v1 ̸= v such that {v1,v} ∈ E. A subset a of V such that every two distinct vertices in the subset
a are neighbors is called a clique; we denote the set of cliques of G by C (G). Associate to each vertex
v ∈ V a unique random variable Xv taking values in a finite set denoted by Ev. For a subset of vertices
a⊆V , we denote by Xa the associated joint variable (Xv;v∈ a), by xa a configuration of Xa, and by Ea the
associated configuration space for Xa, i.e., Ea = ∏v∈a Ev. Following these conventions, as an example,
xa ∈ Ea and EV = ∏v∈V Ev. Let us denote the space of joint probability distributions of the collection
of variables (Xv,v ∈V ), as P(EV ); P>0(EV ) will correspond to the space of strictly positive probability
distributions, i.e. for any x ∈ EV , P(x) > 0. An undirected graphical model, also known as a Random
Markov field [27, 28, 29], with respect to G, is a joint probability distribution P ∈ P(EV ) such that for
any vertex v ∈ V , the random variable Xv is conditionally independent of XV\{v∪∂v} given X∂v, denoted
as Xv ⊥⊥ XV\(v∪∂v) | X∂v. The Hammersley-Clifford theorem [27] asserts that, for a strictly positive joint
probability distribution P ∈ P>0(EV ), the joint distribution of a undirected graphical model factors on the
cliques of the graphs, i.e. that there is a collection of real valued functions ( fa ∈ REa

>0,a ∈ C (G)) such
that, ∀x ∈ EV ,P(x) = ∏a∈C (G) fa(xa).

Factor graphs are an extension of undirected graphical models, starting with a hypergraph rather than
a graph. A hypergraph, denoted as H = (V,H E), is defined by a finite set of vertices V and a collection
of finite subsets of V called hyperedges [25]. Undirected Graphs are particular cases of hypergraphs,
where each a ∈ H E has cardinality 2. Hypergraphs are themselves particular instances of partially
ordered sets, which are sets equipped with a binary relation ≤ that is transitive (i.e., if c ≤ b and b ≤ a,
then c ≤ a) relfexive (x ≤ x) and antisymmetric (i.e., if b ≤ a and a ≤ b, then a = b); for hypergraphs,
the order relation is given by the membership relation: v ≤ a whenever v ∈ a, with v ∈V and a ∈ H E.
We denote the poset associated with a hypergraph as A (H ), and the poset associated with a graph, seen
as a hypergraph, as A (G). A factor graph [3, 4] is a hypergraph with a unique set of variables Xv, for
v ∈V , one per node v ∈V (taking values in a finite set Ev), and a set of factors fa : Ea →R, one for each
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hyperedge a ∈H E. A joint distribution P ∈ P(EV ) associated with a factor graph satisfies the following
decomposition: for any x ∈ EV , as P(x) = ∏a∈H E fa(xa).

A.2 Bethe Free Energy for graphical models

An undirected graphical model with respect to an acyclic graph, whose joint distribution P ∈ P>0(EV )
is strictly positive (i.e., P(x) > 0 for x ∈ Ev), also factors according to its marginal distributions on the
edges and vertices [30, 5]. More precisely, consider an acyclic undirected graph G = (V,E), i.e., there
are no paths of distinct edges starting at a vertex and ending at the same vertex. Let Pa ∈ P>0(Ea) denote
the marginal distribution of Xa; recall that it is defined as Pa(za) = ∑ya∈Ea P(za,ya), where za ∈ Ea, and
a = V \ a is the complement of a. Let d(v) denote the degree of node v ∈ V , i.e., the cardinality of ∂v.
Then, one shows by induction on the number of vercices, |V |, that for any x ∈ EV ,

P(x) =
∏e∈E Pe(xe)

∏v∈V Pd(v)−1
v

. (A.1)

Recall that the entropy of a probability distribution P∈P(EV ) is defined as S(P)=−∑x∈EV P(x) lnP(x).
The factorization of Equation A.1 allows for rewriting the entropy of the joint distribution S(P) =
−∑x∈EV P(x) lnP(x) as

S(P) = ∑
e∈E

S(Pe)− ∑
v∈V

(d(v)−1)S(Pv). (A.2)

The previous decomposition of entropy for undirected graphical models on acyclic graphs (Equa-
tion A.2) motivates the introduction of the Bethe free energy, defined in the next paragraph as an ap-
proximate variational inference method for models with loops. Recall that in variational inference, one
observes that for a joint distribution PX ,Y over two variables X ∈ EX (the hidden variable) and Y ∈ EY (the
observed variable), the conditional probability PX |Y (x|y) =

PX ,Y (x,y)
PY (y)

given the observation Y = y is the dis-
tribution Q∗ ∈P(EX) that minimizes the free energy defined as F(Q) =−∑x∈EX Q(x) lnPX ,Y (x,y)−S(Q).
In particular, the log-marginal distribution on the observed variables − lnPY (y) = − ln∑x∈EX PX ,Y (x,y)
corresponds to the optimal value of F(Q):

− lnPY (y) = inf
Q∈P(EX )

F(Q)

The Bethe free energy exploits the re-expression of entropy, Equation A.2, to express the free energy
solely in terms of local marginals Qe ∈ P>0(Ee) for e ∈ E and Qv ∈ P>0(Ev) for v ∈V ; for an undirected
graphical model P∈P>0(EV ) with respect to an acyclic graph G=(V,E), the Bethe Free Energy, denoted
FBethe, is defined on the local marginals (Qe,Qv;v ∈V,e ∈ E) by the following expression:

FBethe (Qa;a ∈ A (G)) = ∑
a∈A (G)

c(a) [S(Qa)−EQa [Ha]] (A.3)

with the following correspondence: c(v) = −(d(v)− 1) for nodes, c(e) = 1 for edges, and He =
− lnPe, Hv = 0. The expression of the Bethe free energy is also well-defined for undirected graphi-
cal models with graphs containing cycles; in this case, FBethe(Qa,a ∈ A (G)) differs from F(Q) but is
expected to be an approximation of F(Q).
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Inference on undirected graphical models involves determining the infimum of FBethe (Qa;a ∈ A (G)),
with Qa ∈ REa any collection of functions, the constraints that for any a ∈ A (G), Qa is a stritcly prob-
ability distribution over Ea, i.e. ∑xa∈Ea Qa(xa) = 1 and for xa ∈ Ea Qa(xa) > 0, but also a consistency
constraint:

∀e = {v,v1} ∈ E,∀xv ∈ Ev, Qv(xv) = ∑
y∈Ev1

Qe(xv,y)

This condition accounts for the fact that if there is a joint distribution P ∈ P(EV ) such that Qe is the
marginal distribution of P over Xe, i.e., Qe = Pe, and similarly for vertices Qv = Pv, then when v ∈ e, Qe

must be related to Qv by marginalization.
More interestingly, following [31][5][6] such inference and the Bethe Free Energy extend to factor

graphs and any collection of subsets of an index set of variables I. Their standard formulation is the basis
of an extension of variational inference to presheaves from a poset to finite sets [21][32] which offers
a framework general enough for us to then apply topological transformations to graphical models and
trace their impact on the critical points of the associated Bethe Free Energies. In the next subsection we
present both extensions; they rely on the inclusion-exclusion principle [26], which introduces weights
c(a) for subsets a of an index set I. These weights c(a) account for counting the same set multiple times
due to overlaps and have a natural formulation for functions over a partially ordered set taking values in
Z.

B Categories, posets, functors and natural transformations in data sci-
ence

For an introduction to categories, see [33, 34]. A category C is a collection of objects O(C) and mor-
phisms φ : A → B between two objects. Two morphisms φ : A → B, φ1 : B → C, whose target and
domain are compatible, compose into a morphism φ1 ◦ φ : A → C. The composition is associative,
φ2 ◦ (φ1 ◦ φ) = (φ2 ◦ φ1) ◦ φ . We will denote categories in bold. A (covariant) functor F : C → C1 be-
tween two categroies C and C1 send objects A of O(C) to objects F(A) of O(C1); it sends a morphism
φ : A → B to a morphism F(φ) : F(A) → F(B) such that F(φ1 ◦ φ) = F(φ1) ◦F(φ). A contravariant
functor sends morphisms φ to F(φ) : F(B)→ F(A) and satisfies F(φ1 ◦φ) = F(φ)◦F(φ1). A covariant
functor F from C to C1 is denoted as F : C → C1, and a contravariant functor as F : Cop → C1.

The categories of sets and finite sets, denoted respectively by Set and FinSet, have as objects sets and
finite sets, respectively, and as morphisms between two sets X ,Y , functions from X to Y . A contravariant
functor from a category C to Set is called a presheaf. In particular, contravariant functors from C to
FinSet are presheaves. We will also encounter implicitly the categroy of finite vector spaces, which has
as objects finite vector spaces and as morphims linear maps between two such vector space.

A natural transformation between two covariant or contravariant functors F,G : C → C1 or F,G :
Cop → C1 is a collection of morphisms φA : F(A)→ G(A) indexed by objects A of O(C) such that for
any morphism ψ : A → B, we have φB ◦F(ψ) = G(ψ) ◦ φA when F and G are covariant functors, and
φA ◦G(ψ) = F(ψ) ◦ φB. A natural transformation φ between two covariant or contravariant functors
F,G : C → Set is called a monomorphism if each φA is injective, and an epimorphism if each φA is
surjective.

A partially ordered set (poset), denoted as A , is a set equipped with a binary relation R ⊆ A ×A
which satisfies:
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1. Reflexivity: ∀x ∈ A , xRx.

2. Transitivity: ∀x,y,z ∈ A , if xRy and yRz, then xRz.

3. Antisymmetry: ∀x,y ∈ A , if xRy and yRx, then x = y.

R is usually dentoted as ≤. One associates to a poset a category C (A ), whose objects O(A ) are
the elements of A , and there is a unique morphism φ : b → a between a,b ∈ A when b ≤ a. We will
denote the associated category C (A ) simply as A . A contravariant functor F : A → C from the poset
A seen as a category to a category C is encoded into a collection of objects (Fa,a ∈ A ) and a collection
of morphisms (Fa

b : Fa → Fb; a,b ∈ A , b ≤ a).
The set of sections of a presheaf F , from a finite poset A to Set, also called limit and denoted limF ,

is the set of collections of elements x = (xa ∈ Fa | a ∈A ) such that they are pairwise compatible: for any
a,b ∈ A with b ≤ a, Fa

b (xa) = xb.
The application of presheaves and sheaves in data science has gained more importance in recent

years; they were introduced in the context of decentralized optimization, for deep learning architectures
that enable heterogeneous descriptions of data (Sheaf neural networks) [16, 35, 15, 17]. These ap-
proaches involve introducing sheaves over cell complexes as a data structure [16] and using a Laplacian
as the foundational building block for neural network layers. A generalization of inference on graphical
models, which involves presheaves from a poset to the category of Markov kernels, was introduced in
[7], and for decentralized optimization in [21]. They also appear in topological data analysis [36, 14, 13]
and for information theory [37, 38].

C Möbius inversion of a poset and of a functor

The definition of the Bethe Free Energy relies on weights given by the inclusion-exclusion formula of a
poset; we shall now recall its definition.

Definition 4 (Zeta operator of a poset). Let A be a finite poset. We call the ‘zeta-operator’ of a poset
A , denoted ζ , the operator from

⊕
a∈A R→

⊕
a∈A R defined as, for any λ ∈

⊕
a∈A R and any a ∈ A ,

ζ (λ )(a) = ∑
b≤a

λb (C.1)

Proposition 5 (Reformulation of Proposition 2 [26], Rota’ 64). Let A be a finite poset. The zeta-
operator of A is invertible. We will call its inverse the Möbius inversion of A , denoted µ . Furthermore,
there is a collection (µ(a,b);b,a ∈ A s.t. b ≤ a) such that, for any λ ∈

⊕
a∈A R and a ∈ A ,

µ(λ )(a) = ∑
b≤a

µ(a,b)λb (C.2)

We call the coefficient (µ(a,b),b,a s.t. b ≤ a) the Möbius coefficients of A . In particular Proposi-
tion 5 implies that, for any b,a ∈ A such that b ≤ a,

∑
c:b≤c≤a

µ(a,c) = 1[b = a] (C.3)

∑
c:b≤c≤a

µ(c,b) = 1[b = a] (C.4)
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For a collection of values λa ∈ R, a ∈ A , we call the following expression ∑a∈A ∑b≤a µ(a,b)λb the
inclusion-exclusion formula over a poset A ; this formula corresponds to the value one would attribute
to a maximal element, denoted 1, added to A :

λ1 := ∑
a∈A

∑
b≤a

µ(a,b)λb (C.5)

which can be rewritten as λ1 = ∑a∈A [∑b≥a µ(b,a)]λa. We will denote c(a) = ∑b≤a µ(a,b) the
weighted coefficients.

To find the classical inclusion-exclusion formula, consider I a finite set; the poset A is (P(I),⊇)
with the reversed order. The quantities λa, for a ∈ A , are |Ai| when a = i ∈ I, and represent the cardi-
nality of the sets Ai, as well as the cardinality of all possible intersections | ∩i∈a Ai| when a ⊆ I. In this
setting, the maximal element 1 has a value λ1 = |∪i∈I Ai|.

Let G be a (covariant) functor from a finite poset A to finite vector spaces. Define,

∀v ∈
⊕

Ga, ζG(v)a = ∑
b≤a

Gb
a(vb)

and,

∀v ∈
⊕

Ga, µG(v)a = ∑
b≤a

µ(a,b)Gb
a(vb).

Then,

ηG ◦µG(v)a = ∑
c,b:c≤b≤a

µ(b,c)Gc
a(vc) = va,

and similarly, µG ◦ηG = id.

D Proof of Proposition 1 and 3 already stated in the literature

Lemma 2 (Particular case of Theorem 2.1 [21]). Let F be a presheaf from a finite poset A to the category
of finite sets FinSet. A point v ∈ lim F̃ is a critical point of FBethe if and only if[

µF∗dvFE
]∣∣

lim F̃ = 0, (D.1)

where |lim F̃ means restricted to the vector space lim F̃ .
The previous Equation (D.1) is equivalent to the existence of l ∈ F→ such that

µF∗dvFE = dF∗(l). (D.2)

Proof. One shows that for any v ∈
⊕

a∈A F̃a,

dvFBethe
∣∣
lim F̃ =

[
µF∗dvFE

]∣∣
lim F̃ ,

where

FEa(ha) = ∑
xa

ha(xa)Ha(xa)+∑
xa

ha(xa) lnha(xa),
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for h ∈ REa . Its differential is given by Equation (2.10). Furthermore, a parametrization of lim F̃ is
given by imdF∗ .

As ζF∗ is the inverse of µF∗ , Equation (D.2) is equivalent to the existence of l ∈ F→ and v ∈ lim F̃
such that

dvFE = ζF∗dF∗(l).

D.1 Proof of Proposition 1

The belief propagation algorithm Equation 2.5 can be rewritten as,

lnmt+1
a→b = lnmt

a→b + ln F̃a
b
(
gH ◦ζF† ◦dF†(lnmt)a

)
− ln

(
gH ◦ζF† ◦dF†(lnmt)b

)
Let us denote ∆BP(lnm)a→b = ln F̃a

b (gH ◦ζF† ◦dF†(lnm)a)− ln(gH ◦ζF† ◦dF†(lnm)b).
Consider the collection (lnma→b +Ca→b;a,b ∈ A : b ≤ a), where Ca→b is a constant, i.e. it does

not depend on xb ∈ Fb. Then there is a collection of constants (C
′
a→b;a,b ∈ A : b ≤ a) such that

∆BP(lnma→b +Ca→b) = ∆BP(lnma→b)+C
′
a→b. Therefore BP is a algorithm that preserves the equiva-

lence classes {m+C}, we will denote that class as [m] and ∆BP([m]) = [∆BP(m)].
Let [lnm]∗ be a fix point of the Belief Propagation algorithm, and let lnmr be a representant of [lnm]∗

i.e. [lnm]∗ = [lnmr]. There is a a collection of constants (Ca→b;a,b ∈ A : b ≤ a),

Ca→b = ln F̃a
b (gH ◦ζF† ◦dF†(lnmr)a)− lngH ◦ζF† ◦dF†(lnmr)b

Therefore,

F̃a
b (gH ◦ζF† ◦dF†(lnmr)a) = eCa→bgH ◦ζF† ◦dF†(lnmr)b

The collection of constant function R ↪→ F̃a in each space Fa with a ∈ A forms a subobject of F ,
therefore [F̃ ](a) = F̃a/R, with associated quotient maps [F̃ ]ab is a presheave from A to finite vector
spaces. A probability distribution Q ∈ F̃a is in correspondance with [Q] ∈ [F̃ ](a), the section b ∈ F̃a →
b/∑b is a section which in turn provides the inverse map when passing to the quotient. The previous
equation implies that,

[F̃a
b (gH ◦ζF† ◦dF†(lnmr)a)] = [gH ◦ζF† ◦dF†(lnmr)b]

Therefore, we have just shown that ∆BP([mr]) = 0 implies that

[gH ◦ζF† ◦dF† ]([lnm]∗) ∈ lim[F̃ ].

Define ba = (gH ◦ζF† ◦dF†([lnm]∗))a. This statement can be reformulated as saying that(
ba

∑xa∈Fa ba
,a ∈ A

)
∈ lim(PF).

The previous equation implies that
(

ba
∑xa∈Fa ba

,a ∈ A
)

is a critical point of the Bethe Free Energy.
Conversely, if one starts with a critical point of the Bethe Free Energy, pa ∈ P(Fa), a ∈A , then there

exists a collection (m∗
a→b; a,b ∈ A , b ≤ a) such that
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p = gH ◦ζF† ◦dF†(m∗).

Since p ∈ limPF , we have

ln F̃a
b (pa)− ln pb = 0

and

BP(m∗) = m∗.

D.2 Proof of Proposition 3

We will follow the proof of Theorem 2.1 [21]. Let m∗ be a fixed point of MP, i.e., ∆MP(m∗) = 0. This
implies that

gH ◦ζF† ◦dF†(lnm∗) ∈ lim F̃ ,

and that the associated normalized belief is in limPF . By Lemma 2, therefore, m∗ is a critical point of
the Bethe Free Energy.

E Link between belief propagation and message passage algorithms

When we study the functoriality of message passing algorithms, we consider the following operator:

∆MP(l) = δF ◦gH ◦ζF† ◦dF†(l)

The messages l of MP are the lnm of BP, with for any a,b ∈ A such that b ≤ a and any xb ∈ Fb,
ma→b(xb) = ela→b(xb). Let us now show that for any fixed point l∗ of MP, [m∗] is a fixed point of BP. We
will then show that for any fixed point [m]∗ of BP, there exists m∗ ∈ [m]∗ such that lnm∗ is a fixed point
of MP. Showing this justifies why the study of the critical points of the Belief Propagation algorithm is
equivalent to the study of the MP algorithm considered in [21] and in this paper.

Let MP(l∗) = l∗ then ∆MP(l∗) = 0 and so for any b ≤ a, Fa
b (g◦ζF† ◦dF†(l)a) = g ◦ ζF† ◦ dF†(l)b.

Therefore, in particular ∆BP(lnm∗) = 0 which implies that m∗ is a fix point of BP.

For any message lnma→b ∈ F̃b, define Na→b(lnma→b)= lnma→b−ln∑xb
elnma→b . Then, Na→b(lnma→b+

C) = Na→b(lnma→b). Let us denote N(lnm) = (Na→b;a → b).
Consider [m]∗ a fixed point of BP. Then, for any representative mr such that [mr] = [m]∗, we have

∆MP(N(lnmr)) = 0; therefore, N(lnmr) is a fixed point of MP.

F Generalized Belief Propagation does not induce a functor with respect
to natural transformations

The Generalized Belief Propagation update rule is as follows:

lnmt+1
a→b = lnmt

a→b + ln F̃a
b
(
gH ◦ζF† ◦dF†(lnmt)a

)
− ln

(
gH ◦ζF† ◦dF†(lnmt)b

)
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Let us denote δ̃F , as, for any u ∈ ∏a∈A REa
>0,

δ̃F(u)a→b = ln F̃a
b (ua)− lnub

Then,

lnmt+1 = mt + δ̃F ◦gH ◦ζF† ◦dF†(lnmt)

In particular, due to the nonlinearity of ln, δ̃F does not commute with φ if the preimage of at least
one of the φa, for some x ∈ Ga, has cardinality at least 2.

G Proof of main theorems

G.1 Proof of Theorem 1

Now it is easy to show that φ1 ◦ δF = δG ◦φ therefore by dualizing (as dF := (δF)
∗ = dF∗) on ehas that

dF ◦φ ∗
1 = φ ∗ ◦dG.

Let us now show that ζ also commutes to natural transformations for functors that have the same
domain:

ζF∗ ◦φ
∗(v)(a) = ∑

b≤a
Fa

b
∗
φ
∗(v)(b)

∑
b≤a

Fa
b
∗
φ
∗
b vb = ∑

b≤a
φb ◦Fa

b
∗vb

and ∑b≤a φb ◦Fa
b
∗vb =∑b≤a Ga

b ◦φa
∗vb =∑b≤a φ ∗

a ◦Ga
b
∗vb and φa is linear so, ∑b≤a φ ∗

a ◦Ga
b
∗vb = φ ∗

a ∑b≤a Ga
b
∗vb.

So ζF∗ ◦φ ∗ = φ ∗ ◦ζG∗ .

gH :
⊕

a∈A F̃a →
⊕

a∈A F̃a is defined by the following relationship:

dx fa = y ⇐⇒ x = ga(y) (G.1)

where fa(qa) = ∑qaHa − S(qa) = ∑ω qa(ω)Ha(ω)+∑ω qa(ω) lnqa(ω). The differential gives for
the choice of scalar product

ya = Ha + lnqa +1

What we want to show is that there is H̃ := (H̃a : Ga → R,a ∈ A ) such that φ ◦ gH ◦φ † = gH̃ . We
must show it ponctually as we do not requiere any compatibility condition on the Ha: i.e. we need to
show that, φ ◦gHa ◦φ † = gH̃a

. Let us first remark that for any pa ∈ F̃a, φ †
a (pa) = pa ◦φa. Then,

φa ◦gHa ◦φ
†
a (p)(ya) = ∑

xa:φa(xa)=ya

e−Ha(xa)+p◦φ(xa)−1 = ep(ya)−1
∑

xa:φa(xa)=ya

e−Ha(xa).

φa ◦gHa ◦φ
†
a (p)(ya) = 1[ya ∈ imφa]ep(ya)−1−H̃a .

By adopting the convention that e−∞ = 0, we write:

φa ◦gHa ◦φ
†
a (p)(ya) = ep(ya)−1−H̃a = gH̃a

.
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W proved that if there is a natural transformation of measurable map between φ : F → G then,

∆MPG = φ ◦∆MPF ◦φ
†

and so one deduces from the fact that g⟨·,·⟩
H̃a

= φa ◦g⟨·,·⟩
H̃a

◦φ
†
a,⟨·,·⟩ that

∆MP⟨·,·⟩
G = φ ◦∆MP⟨·,·⟩

F ◦φ
†

.

G.2 Proof of Theorem 2

Consider φ : F → G a natural transformation, then ∆MP(φ) = (φ ,ψ) and by Theorem1,

∆MP(G)(l,ψ(H)) = φ ◦∆MPH(φ
†(l))

Furthermore, for any a ∈ A and ya ∈ Ga, the mapping H 7→ ψ(H)a(ya) is convex and therefore
continuous. Since A is finite and each Ga is finite, ψ is a continuous map. We just showed that ∆MP(φ) :
∆MP(F)→ ∆MP(G) is a morphism of MPA.

Let us now show that ∆MP is functorial. Let F,G,L be three presheaves of ˆA f , and let φ : F → G,
φ1 : G → L be two natural transformations. Then,

∀a ∈ A , za ∈ La, ∆MP(φ1)◦∆MP(φ)(za) =− ln ∑
ya∈Ga :φ1,a(ya)=za

e−ψa(ya)

− ln ∑
ya∈Ga

φ1,a(ya)=za

e−ψa(ya) =− ln ∑
ya∈Ga

φ1,a(ya)=za

∑
xa∈Fa

φa(xa)=ya

e−Ha(xa)

=− ln ∑
xa∈Fa

φ1◦φa(xa)=za

e−Ha(xa)

Therefore ∆MP is a functor.

G.3 Proof of Theorem 3

Let F,G be two presheaves of Â f , let φ : F → G be a epimorphism, i.e. a natural transformation where
each map is surjective. Let MP(φ) = (φ ,ψ) with,

∀a ∈ A , ya ∈ Ga, ψ(H)a(ya) =− ln ∑
xa∈Fa:φa(xa)=ya

e−Ha(xa).

By Theorem 2, φ ◦∆MPF,H ◦φ † = ∆MPG,ψ(H).

φ ◦MPF,H ◦φ
†(l) = φ ◦φ

†(l)+φ ◦MPF,H ◦φ
†(l)

For the choice of scalar product ⟨·, ·⟩φ , by Lemma 1, φ ◦φ † = id, therefore,

φ ◦MPF,H ◦φ
†(l) = l +∆MPF,ψ(H)(l) = MPG,ψ(H)(l),

and therefore MP(φ) : MP(F)→ MP(G) is a morphism of MPA; functoriality is a consequence of
Theorem 2, as ∆MP(φ) = MP(φ).
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