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Assume-guarantee reasoning is a technique for compositional model checking in which system
specifications are checked under certain assumptions on system parameters or inputs, and provide
guarantees on observations of system state. We present a categorical framework for assume-guarantee
reasoning for safety problems by viewing systems as lenses, following our earlier work on the
compositionality of generalized Moore machines. Generalized Moore machines include ordinary
Moore machines, partially observable Markov (decision) processes, and systems of parameterized
ODEs (control systems); our framework gives assume-guarantee reasoning specially adapted to each
of these cases. In particular, we give a novel formulation of assume-guarantee reasoning for (local)
input-to-state stability (L)ISS) Lyapunov functions on systems of parameterized ODEs.

Our framework is categorically natural and straightforwardly compositional. A flavor of generalized
Moore machine is determined by a fangency: a fibration with a section. We show that symmetric
monoidal loose right modules of assume-guarantee certified generalized Moore machines over
symmetric monoidal double categories of certified wiring diagrams can be constructed 2-functorially
from fibrations internal to the 2-category of tangencies.

1 Introduction

Model checking aims to verify that a dynamical system satisfies a specification — a predicate of its
behaviors. When systems are built up modularly through coupling component subsystems, the resulting
composite system can be much bigger and much more difficult to check than its components. This naturally
suggests a divide-and-conquer approach to checking coupled systems: if we know each component system
satisfies its spec, and we know that the conjunction of component specs implies the composite spec, then
we can check the composite model modularly.

However, component systems are necessarily open — they can be coupled with other components. It
is very unlikely that a component will satisfy its spec simpliciter; to check a component, we must take
for granted some conditions on its operating environment. This observation lead Pneuli to formulate
his assume-guarantee reasoning [28] method for compositional model checking. In assume-guarantee
reasoning, each component provides the assumption it makes of its environment, as well as the guarantee
it promises on its observable behavior, provided the assumption is met. Assume-guarantee reasoning has
gone on to be a central tool in the model checking toolkit [27, 36, 8, 9, 14, 7].

In this paper, we put forward a categorical algebra for assume-guarantee reasoning of state predicates
on generalized Moore machines. Generalized Moore machines include ordinary Moore machines [23],
systems of parameterized ODEs, partially observable Markov decision processes, and more general
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2 Compositionality of Lyapunov functions via assume-guarantee reasoning

coalgebras for endofunctors. We will follow the double operadic theory of systems approach [21] and
describe symmetric monoidal loose right modules of assume-guarantee certified machines over symmetric
monoidal double categories of certified wiring diagrams (or more general coupling laws). Our focus in
this paper is on the abstract algebra of assume-guarantee reasoning; we look forward to future work on
practical implementations which exploit this compositional algebra for actual model checking.

Our approach begins with the observation that assume-guarantee reasoning is, at least for certain
specifications, highly reminiscent of the definition of a Moore machine. A Moore machine with action
set A and observation set O consists of a set S of states together with two functions: the view v: S — O
yielding an output symbol and the update u : S x I — S transitioning the state on receiving an input.
Suppose we have a predicate ¢(s) telling us which states s € S are ‘safe’; our aim is to prove that when
starting in a safe state, we will remain in a safe state so long as our input i € [ always satsifies its
assumptions ¢ (i). We also provide a guarantee y(0) on output symbols o € O, which holds under the
assumption that we are in a safe state. In total, we analyze assume guarantee for specifications of safety
predicates of state into a pair of implications:

(1)7 (5) = (5) = {00000 > o0 o

These have almost the same form as the functions u : S x I — Sand v: S — O. In fact, we can see assume-
guarantee certified Moore machines (for state safety specifications) as Moore machines in another category
— this time, a category of sets equipped with a predicate, rather than just sets in the un-certified case.
This simple observation becomes useful when linked up with the categorical approach to Moore
machines using lenses, initiated by Spivak, Vasilakopoulou, and collaborators [35, 31, 6]. In this point
of view, not only is a Moore machine viewed as a lens, but so are the wiring diagrams [35] describing
how machines are to be coupled. Machines may be coupled according to the wiring diagram by lens
composition. Lens composition applied to lenses in the category of subsets suffices to give the proof

rule that if a wiring diagram (”:V ) is itself certified, then composing by it preserves the certification

() ()= (8) e (1) ()= ()
w Yl/;}t T ” Y - Vi . Pi Yi (COMP)
() ()10 ()) e ()

In [35], the compositionality of machines and wiring diagrams is organized into an algebra of Moore
machines over an operad of wiring diagrams. In the subsequent work of the second-named author
[20, 26, 21], generalized Moore machines are organized into a symmetric monoidal loose right modules
over the symmetric monoidal double categories of lenses; this added double categorical direction includes

the homomorphisms of machines, such as traces and coarse grainings. We may then ask for another proof
rule: if machine §’ is certified, and S’ coarse-grains (or simulates) S via the homomorphism ¢ : § — ',

then S is also certified:
(():(1)= () (0)=(3)=(5)
VAN e ! (SUBST)
u o o
(1) = (55) = (5F)
Taking lenses in the category of subsets is not quite enough to handle this rule for the most general

kind of maps considered in [20, 26]. However, a slight generalization which we will shortly describe
does suffice.

of machines:
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The main contention of [21] is that the compositionality of various sorts of dynamical systems is
well captured by the 2-algebraic structure of a symmetric monoidal loose right module (of systems)
over a symmetric monoidal double category (of interfaces and coupling laws). We’ll refer to these
symmetric monoidal loose right modules as 2-algebras of systems for short. In this paper, we’ll show that
assume-guarantee certificates may be fibered over generalized Moore machines, compositionally; that
is, we’ll show that 2-algebras of certified machines are fibered over 2-algebras of machines. The right
action of the double category of certified lenses will correspond to Rule COMP, while the fibration will
give us Rule SUBST. In particular, we’ll find a compositional algebra for assume-guarantee reasoning
about Moore machines, POMDPs, and even local input-to-state stability (LISS) Lyapunov functions
on parameterized systems of ODEs.

Related work. Assume-guarantee reasoning for Moore machines has been studied [ 13, 17], though
not to our knowledge using categorical methods. Our approach to compositional Lyapunov functions
relates to categorical Lyapunov theory [4, 3].

Acknowledgements. We would like to thank Mirco Giacobbe, Diptarko Roy, Grigory Neustroev,
David Corfield, and Eigil Rischel for helpful discussions. The second-named author would like to thank
James Fairbanks for suggesting the task of theorizing compositional Lyapunov functions.

2 Certified Moore machines as lenses

Let’s expand on the observation from the introduction that assume-guarantee certified Moore machines
are Moore machines in a category of subsets.

2.1 A review of generalized Moore machines as lenses

A Moore machine, traditionally speaking, is a pair of functions #: S XA — S and v : § — O; we think of
O as the set of possible observations which may be made of it, and A as a menu of actions which may be
taken. The pair (g) is called the interface of the Moore machine. This is a deterministic Moore machine;
in a non-deterministic Moore machine, u has signature S x A — £2§ into the power-set of S. A partially
observable Markov process is a Moore machine, but the update is stochastic: we have u : S x A — DS,
where D is a set of probability distributions. If we want a Markov decision process, we can also return
a distribution over rewards u : S x A — D(R x §).

We will work with a generalization of the Moore machine notion which handles these and other
examples. First, we generalize the interface by allowing the menu A, of actions to depend on the
observation o € O; this gives us an interface ( ég) consisting of the set of observations and the family
A : O — Set of action sets depending on it. We will also suppose that, for every set S, we have a family
of sets 73S of changes that it is possible to make in the state s € S. In this setting, a generalized Moore
machine is a pair of maps:

{u: (s€8)xAyy — TS 2.1
v:S—O0

where (s € §) X A,y is the set of pairs (s,a) with a € A, ;). The view v: S — O yields an observation
of state, and the update u : (s € §) X A,(s) — TS applies an action which is compatible with the current
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observation, yielding a change u(s,a) € TS to state s. In short, we write (Lv‘) : (ff;) = ( (’)4:"0) for the
Moore machine as a whole.

Taking 73S := S and A, := A to be constant, we recover the usual, ‘basic’ notion of Moore machine;
we call an interface (g) with constant action set a simple interface. If T,S := &S, we recover a non-
deterministic Moore machine; if 73S := DS, we recover a partially observable Markov process. Similarly,
if F is any endofunctor, then we may define 7S := F'S; generalized Moore machines are then an open
variant of F-coalgebras (see e.g. [30]). We will see in the upcoming Section 4.2 that taking 7S to be
the tangent space of a manifold S gives parameterized systems of ordinary differential equations; but
we will leave that example for later.

Moore machines are made to be coupled synchronously. The simplest synchronous coupling of
Moore machines is the parallel product, in which both machines run simultaneously without interacting.

Given (::) : (il‘;‘) s (:1:’”0‘1> and (':j) : (:;2;2) s (:22322) their parallel product (':11) I (':;) :
T(s \5 )(Sl XSZ) Al,u ><A2,0 : .
( (si7s22):51><S2 ) S ((01,021):01x202> is defined by’
<u1> H (uz) o {((s1,sz),(a1,a2)) H“T(ul(shal)?”Z(SZ?aZ)) (2 2)
%) T .

B (s1,82) = (vi(s1),v2(s2))

where ur : Ty, S1 X 15,82 — T(s,.52) (S1 x 8,) is a way of turning a pair of changes into a change of a pair.
For the basic case 7;S := S, tr(s1,52) = (s1,52) is the identity: a pair of changes is already a change of a
pair. For 7;S := FS the case of a coalgebra, uy : FS; x FS, — F(S] X S;) requires F to be a lax monoidal
functor. For F = & we may define u(U;,U,) := U; X U; to send a pair of subsets to a subset of pairs;
for F = D we may define up(pi, p2) to be the independent product of distributions.

Far more interesting than the parallel product is an actual coupling of Moore machines where the
component machines interact. When the interfaces invovled are simple, such a coupling can be described
by a (directed) wiring diagram [29]. Here are three basic wiring diagrams which will form our running

examples:
O——
=3

parallel cascade feedback
In order to describe how wiring diagrams act on Moore machines, we must first make three observations:

. : . : Al, Aro, \ .
1. Every wiring diagram determines a lens.! A lens (V:V ) : (011;'011 ) = (022_‘022) is a pair of maps

24)

Wﬁ : (01 c 01) XAW((J]) —)Al,Ol
w:0; — 0y

The above diagrams correspond to the following simple lenses:

parallel : (211) I (gi) = (3;5522) cascade : (0;1M> I (MOXZA) s (01;‘02> feedback : (ffx]‘g) —
{((01,02), (a1,a2)) — (a1, a2) (((o1,m),02),a) — (a,(m,a)) ((m,0),a) — (a,m)

(01,02) = (01,02) ((01,m),02) = (01,02) (m,0) o0

UIn fact, wiring diagrams may be defined as lenses in free cartesian categories, see Chapter 1.4 of [26].

(

A
o

)
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2. Moore machines are themselves lenses of the special form (':) : (ng) = ( ;?”0).

3. We may compose lenses (Vv”j) : (AW ) s (szoz ) and <’:) : (Az‘”z ) = (Ai'gg) by the formulas

01:01 07:0, 07:0, 03:

(t:) . (Wn> _ J(ona3) = wh (o1, (w(o1),a3))

01— t(w(oy)) 3

. . . . 7 TYA l Al 0;: .
With these observations in mind, we may couple systems ("’_ ) : ( i ) = (0__’O"> according to a

Vi 5;i:S;
wiring diagram (or more generally a coupling law) <VVV;> : ( ;411:781 ) el ( 2,"(0"1,, ) = ( C‘;\:"O) by taking the
composite (Vv”f) o ((Z; ) |-l (‘v‘: ) ) The main takeaway here is that we have objectified the coupling

law into a lens; this objective coupling law then acts upon systems by composition on the right, coupling
them together. For example, the cascade wiring diagram acts by taking the cascade product of Moore
machines (see e.g. Definition 1 of [12]).

Maps of Moore machines are also important. See Chapter 3 of [26] for examples.

2.2 Certified Moore machines as certified lenses

As we noticed in the introduction, the setup of assume-guarantee reasoning — with its specificiation ¢
of states, assumption @ on actions, and guarantee Y on observations — has a form highly reminiscent
of a Moore machine itself. We will see that there is a strong wiff of the microcosm principle at work
in assume-guarantee reasoning.

We begin by associating the assumptions and guarantees to an interface. We may take the guarantee
7: O — bool to be a predicate on obeservations, and we need an assumption ¢, : A, — bool on each set

of actions; furthermore, we require that o, (a) = 7, for all 0 € 0.> We write ( ﬁ”o) F (?) to mean that

the interface is declared to satisfy the stated assumption and guarantee.
In a simple interface where A, = A, we may take o (0,a) := y(0o) Ad(a) for a fixed assumption

o : A — bool; the more general form of a(—,—) in the dependent case is to ensure stability when
substituting by a map of interfaces. If (?) : (:';00" ) = (izgz) is a map of interfaces, and (UA;gJ F (‘;),

then we may pull back the assumption and guarantee,

(LY e(5) (%) = f)@llfy)&jg(oo,fwol,al>> | 06

In this way, assumptions and guarantees are fibred over interfaces. Note that even if all interfaces involved
are simple, subsitution into 0(02,a2) := y(02) A 0(az) yields y(f(o1)) A®(fi(01,a1)) which is no longer
of the form (o) A ct(a); this is why we must allow for the more general form of assumption.

We aim to show that a state s € S satisfies a spec @ : S — bool, and the assumption hold of an action a,
then the next state u(s,a) will also satisfy the spec. In general, u(s,a) € TS is a change of state; therefore,

2This implication condition may seem somewhat mysterious, but it is clarified by viewing propositions as types: the morally
correct signature of the assumption is o : (0 : O) x A, x y(0) — Prop. Just as the set of actions A, depends on the observation,
the type of certificates that the assumption holds depends on a certificate that the guarantee holds of a given observation.

3For example, substituting by a chart (Z) : ({tgk}> = (:‘3) gives the predicates y(0,) and y(0,) A 0(ay,) of n € N that
the guarantee and assumption hold of the sequence of observations and actions (Z), even though there is only one possible

P +1) . (N {tick}
action tick for the clock ( id) : (N) = ( N )
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we need a way to /ift a predicate ¢ of states to a predicate >; @ : T;S — bool of changes to state. For
the classical case 7S := S, we may take >; ¢ := @; for a general endofunctor 7S := F'S, we must use a
predicate lifting associated to F (see Definition 6.1.1 of [19], or [11]). We may then say that a system

(“) : (55) = ( ﬁg) is certified as follows:

(5)F ()= () = { S0 erplutee)

We may observe that this is a special case of the certification of lenses. If (Wn) : (A]j”' ) = (A'j”' )
w 01:01 01:01
Aio; o;
and (01_:0!_) = (% ), then

(wi) - <a1) - (az) PN {Yl(OI)AO‘Z(W(Ol)M) = oy (01,w(01,a2)) ‘ 28)

w N 12 " (01) = '}/Z(W(ol))

Intuitively, thinking of <V:V> as a wiring diagram, the guarantees of all inner boxes must imply the
guarantee of the outer box, and the inner guarantees and outer assumption must together imply the

. . .. . ; .
inner assumptions. For the cascase wiring diagram (VVVV ) : ( 01‘1 M) I <M0X2 A) = (011‘ 05 ) proving that

wﬁ o (0% — o3 L : 1
( W> E ( " ) I (YZ) by (73 ) explicitly means validating that
{}/1 (01,m) ANp(02) Nog((01,02),a) = o ((01,m),a) A ax(02,(m,a)) 2.9)

Yi(o1,m) Aya(02) = 1(01,02)

Supposing that a;(0,a) = %i(0o) A@;(a) is of the simple form, it then suffices to show that &¢3(a) = @ (a),
that ¥ (o1,m) A 03(a) = ®2(m,a), and that y,(o1,m) A ¥2(02) = 13(01,02). These implications are
suggested by the form of the wiring diagram (which always produces a simple lens).

Checking that certification of lenses is closed under composition of lenses and the parallel product
gives us the proof rule (COMP) from the introduction; checking that certification of systems is closed
under substitution along maps of systems gives us proof rule (SUBST). In total, knowing that the 2-algebra
of certified machines is fibered over that of generalized Moore machines gives us a compositional algebra
for assume-guarantee reasoning.

3 Certified Moore machines from fibrations of tangencies

In this section, we formalize the above story, giving a compact description of all of the data involved and
a method to check the properties required for the proof rules. We follow [21] in defining generalized
Moore machines internal to a tangency.*
Definition 3.1 (Definition 7.1 of [21]). A tangency consists of:

1. A category B whose objects we think of as spaces of states or observations,

2. A (cloven) Grothendieck fibration 7 : E — B whose fibers Ep over a space O € B we think of as
‘bundles A, of possible actions given an observation o’. We will still denote objects A € E as pairs

( ;}"0) where O = A and maps in E as pairs (J}j) : ( 0%) = (;,xf"(’),) where f is the value under 7

and f; is the vertical factor. We think of f; as having signature (0 : O) x A, — Ay(,).

4What we here call a tangency was called a “doctrine of dynamical systems” in [20].
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3. Asection T : B — E assigning to each ‘state space’ S its bundle (ng) of changes.

The 2-category of tangencies consists of a cartesian functor between fibrations and a colaxitor on sections.
A symmetric monoidal tangency is a pseudo-monoid in this 2-category; equivalently, it is a tangency
where 7 : E — B is a strict monoidal fibration and 7 : B — E is lax monoidal. We will always write the
monoidal product as ||, and will generally assume it is cartesian in both E and B.

Definition 3.2 (Definition 2.35 of [21]). The double category Lens(7) := Span(E, (vert, cart)) of Spivak
lenses [34] in a fibration 7 : E — B is the double category of spans in E whose left leg is vertical and
whose right leg is cartesian, composing by pullback. (See Definition 3.8 and Theorem 3.9 of [25] for a
direct comparison with [34]).

Definition 3.3. Let (7,7) be a tangency. A (7, T )-Moore machine is a pi-lens

()= (39) L (8)

A morphism of (7,7 )-machines is a square in Lens () whose left leg is of the form 7'c.

The category Moore(n, T') forms a loose right module of the double category Lens(7) by composition
on the right; if (7,7) is symmetric monoidal then Moore(w,7) is a symmetric monoidal loose right
module. The 2-algebraic structure of the symmetric monoidal loose right module Moore(7,T) encodes
the compositionality of generalized Moore machines, as well as of their behaviors (via representable
functors, as in Theorem 6.2 of [20] or Section 5.3 of [26]).

Moreover, the assignment (77, 7) — Moore(x, T) is 2-functorial from the 2-category of tangencies to
the 2-category of loose right modules (Section 7.2 of [21]). In Appendix B, we show that this 2-functor
futhermore preserves fibrations of tangencies.

Theorem 3.4. The 2-functors Lens : .%ib — Zbl and Moore : 7 an — (.# od, preserve fibrations (as
sketched in Example 5.15 of [5]); in particular, a fibration of tangencies induces a fibration of loose right
modules.

In order to give a compositional algebra for assume-guarantee certified (7, 7')-machines, it therefore
suffices to give a fibration over the tangency (7, 7).

Lemma 3.5. Let 7 : E — B and T : B — E form a tangency. A fibration of tangencies over (n,T) is given
by:

1. Another tangency Pxt : PE — PB with section > : PB — PE.

2. A strict morphism of tangencies:

m ol om G

Such that pg and pyg are both fibrations, and pg, sends chosen Pr-cartesian morphisms to chosen
T-cartesian morphisms (strictly preserving the cleavage). Moreover, > must be cartesian as well,
though it does not need to strictly preserve the cleavage.

A fibration of monoidal tangencies in addition requires that pg and pg be (strict) monoidal fibrations and
furthermore that the above diagram commutes in the 2-category of symmetric monoidal categories and
lax symmetric monoidal functors.
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We think of PBy as the category of predicates concerning an observation o : O, and PE ( A, ) as
0:0
predicates concerning actions a : A,. The fibration P7 witnesses that predicates on actions should depend
on predicates on observations; this dependency is important to keep track of when considering explicit
certificates, and not just the truth of predicates.
Finally, we give a construction which directly captures the story developed in Section 2 for ordinary

Moore machines.

Lemma 3.6. Let PSet := [ X eset Set(X,bool) denote the category of sets equipped with a predicate. Then

PSet >» PSet! < PSet

Al ol lr (3.2)

l
Set — Set - Set

is a cartesian monoidal fibration of tangencies, where

TS=(m:5x8S—2S), >(S,0) = (m : (SXS,0x @) — (S,0)). (3.3)

4 Certifying the stable equilibria of open ODEs

We now exhibit a quantitative instance of certified generalized Moore machines. Though it escapes
being captured by the general method of Section 3, it still sees the algebra of compositional verification
expressed by a fibration of algebras of systems. In this section we will capture the algebraic structure
of the Lyapunov method in the stability theory of ODE:s.

4.1 A review of LISS

Definition 4.1 (Open manifolds). Let OpenEuc be the category whose objects are open subsets of
cartesian spaces (which are those of the form R” for n € N, including R? = {x}) with a C! manifold
structure, and whose maps are C'+!-functions, i.e. once-differentiable functions with Lipschitz derivative.
We will call these open manifolds. We also consider the category of pointed open manifolds OpenEuc,
and definite maps: f(x) =y if and only if x = xo.

Convention 4.2. From now on, we tacitly point all our manifolds and functions, adopting the notational
convention that a pointed open manifold X is pointed by xp, but also assuming, without loss of generality,
that xo = 0.

Consider an open ODE x = f(x,a) on an open manifold X, where A is an open manifold of controls,
inputs, or parameters, such that 0 € X is an equilibrium point. (Local) Input-to-State Stability ((L)ISS) is a
property of such an equilibrium which, roughly speaking, prescribes that trajectories starting nearby should
not stray far, and in fact eventually converge back to the equilibrium. We give precise definitions slightly
adapted to our setting and then show how to recover the classical ones (for which we refer to [33, 22]).

We start with some technical vocabulary. The theory of ISS makes a great use of so-called comparison
functions.

Definition 4.3 (Comparison functions, [33, §2.4]). A local® storage function is a continuous definite
map ¢ : X — R, ie. o(x) =0iff x =xp. A JZ function is a strictly increasing local storage function

SThe term “storage function” is from the stability theory literature. The adjective “local” is used here to mean we dropped the
condition of radial unboundedness.



M. Capucci & D. J. Myers 9

R* — R. A _#,, function is an unbounded .#" function. We also define .#,0 := #,, U {0} to include the
constant function at 0; we note that 27, is a monoid under addition (whereas J#., is only a semigroup).

It is important to note that every local storage function can be approximated above and below by
radially symmetric (meaning they factor through the distance function |xo — (—)| = | —|) .#” functions:
Lemma 4.4 ([22, Corollary A.23]). If @ is local storage, there are @ ,@~ € & which are radially
symmetric and such that @~ < @ < @, namely

0" (x) = sup o(x), o (x)= inf @(x). 4.1)
| <x| W[ =[]

Moreover, if @ is unbounded, so are ot and ¢~ (i.e. T, 0~ € H.).
Remark 4.5. We interpret .%#” and 7, functions as describing radially symmetric homeomorphisms
f: B,(xo) — B.(y0) between balls of any dimension. That is, every such homeomorphism is determined
by what it does on radii, and such a ‘stretching schedule’ is easily seen to be a J#” function when r < oo and
Je functions when r = eo. Vice versa, every % function x induces radially symmetric homeomorphisms
Br(XO) = BK(r) (YO)‘

In light of this, it is evident why the following definition is motivated as a definition of exponential
stability invariant under non-linear change of variables (cf. [33, §2.8]):
Definition 4.6. We say (X, xo,u) is ISS when there exist ki, k3, K3 € #w such that, for every a : RT — A
and trajectory x : RT™ — X,

Vi 20, |x(t,a)] < ki (k2 (1x(0)])e ™) + k3 ([lall-o)- (4.2)

where |||l = sup,~|a(t)|. This definition reduces to local ISS (LISS) when both X and A are bounded
sets, and to global ISS (or just ISS) otherwise, though note that standard global ISS is stated for A and X
unbounded.

The notion of ISS stability is originally due to Sontag [32]. It is one of the most important notions
of stability used in control theory, since it is both practically relevant and theoretically convenient. Two
aspects of ISS are often praised: the fact it applies to non-linear systems as much as linear ones and that it
admits a so-called dissipative characterization. This means one can certify ISS by exhibiting a suitable
Lyapunov function directly on the system of ODE:s, rather than solving the equation first and verifying
Definition 4.6 on the trajectories. This is a powerful property, as it is much easier to certify behaviour at
the system level rather than first find its solutions (which might not have a closed form) and certify those.
Theorem 4.7 (LISS Lyapunov). The equilibrium of open ODE (X ,0,u) is local ISS precisely when there
exists a differentiable local storage function ¢ : X — R, called the LISS Lyapunov function, as well as
K1, Ky € & such that

forallac A, xeX, «xi(la]) >deo(f(x,a))+ k2 (@(x)). 4.3)

Proof. This is [33, Theorem 3.4]. There is also noted that ¢ can be chosen smooth. ]
Corollary 4.8 (ISS Lyapunov). The equilibrium of open ODE (X ,0,u), where X is unbounded, is global
ISS if it is local ISS and @ is radially unbounded, that is, ¢(x) — oo as |x| — co. Such a ¢ is called ISS
Lyapunov.

Corollary 4.9. For the equilibrium of open ODE (X,0,u) to be LISS it suffices to exhibit, besides the
differentiable local storage function ¢ : X — R, a local storage function @ : A — R and x € ., such that

forallac A, xeX, ala)>do(f(x,a))+x(e(x)). (4.4)
Proof. Inlight of Lemma 4.4, a™ is of the form A (] —|) for A € # and a™ > a. O

We thus start to glimpse the form of the certified lenses from the previous sections.
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4.2 Certified equilibria of open ODEs

To capture LISS using the framework of certified Moore machines, we start by observing that ‘ODEs with
a distinguished equilibrium point’ are generalized Moore machines in the sense of Definition 3.3. We
define the appropriate tangency below; in this case, the section T will actually be the tangent bundle.
Construction 4.10 (Equilibria of open ODEs as generalized Moore machines). Consider again the
category of pointed open manifolds OpenEuc,. We equip it with a notion of “bundles of actions” given
by pointed trivial topological bundles 7; : B x F — B with F € OpenEuc, and pointed fiberwise Lipschitz
(o1 maps between them. We thus get a (cartesian monoidal) fibration of bundles as below right:

| ol g i g g (OpenEuc, x OpenEuc, )i,
45
I a 2
B B OpenEuc,

We pick a tangency T by defining it to be the usual tangent bundle assignment, which sends a manifold
of dimension 7 to X x R" 5 X and a C""! function to its fiberwise Lipschitz Jacobian. The total space
T (X ,xo) is pointed by the pair (xp,0). We define the section T to be the usual tangent bundle assignment,
which sends an open manifold of dimension 7 to X x R” and a C!! function to its fiberwise Lipschitz
Jacobian, The total space T (X,xp) is pointed by the pair (xp,0). We keep denoting this as TX — X.

The generalized Moore machines associated to this tangency are equilibria of open ODEs. These are

given by lenses (i’) : (i‘;) s <g> which correspond to the differential equation x = u(x,a) together
with an observable o = v(x) and such that u(xp,ap) = 0, meaning (xo,a) is an equilibrium point for the
ODE. Note an equilibrium of open ODE with interface the terminal bundle 1 =1 is a closed ODE with a
distinguished equilibrium point xp € X.

A map of equilibria of open ODEs is a pointed C! function f : X — X’ which commutes with the
dynamics, a fact that can be witnessed by the existence of a square as such in Lens(OpenEuc, x OpenEuc, ),
In this way we get symmetric monoidal loose right module ODE, over the symmetric monoidal double
category Lens(OpenEuc, x OpenEuc, )ip.

Remark 4.11. Our specific choices of open manifolds, bundles, and regularity hypotheses on the maps
between them are, from the point of view of the categorical treatment below, not essential. The very
formal nature of our constructions makes it easy to swap this tangency with a different one, according to
the needs of the user. The setup here loosely tracks Sontag’s in [33] and related stability theory literature.

We now define certified Moore machines over this tangency. In Section 3 we obtained the fibration of
2-algebras Moore(Pr,>) — Moore(r,T) by applying Moore directly to a fibration in tangencies; here
we directly define the double category of certified lenses and its algebra of certified Moore machines. The
full construction is in Appendix A and amounts to a monoidal double Grothendieck construction. We
comment there on why we cannot directy apply the methods of Section 3 in this case. Abstract nonsense
notwithstanding, the 2-algebra we get is still very much of the same flavor, and we describe it now.

On manifolds, our generalized predicates will be C"! local storage functions [33, 22] (from here
on, also just predicates), ordered by pointwise inequality. More generally, a map f : ((X’,x;),¢) —
((X,x0), ) consists of a C!"! map f: X — X for which @(x') > w(f(x')) for all ¥ € X’. Note we can
take arbitrary sums of local storage functions.

As for predicates over bundles of actions, we start by equipping TR = m; : R x R — R with the
lexicographic order on pairs:

(a,d) = (b,b") iff a>b and (a=>b implies d >b'). (4.6)
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Intuitively, the second coordinate is an infinitesimal displacement and therefore can never overtake a
finite displacement.

Now a local storage bundle function (from here on, just bundle predicate) over abundle X X F — X
is just a map of pointed bundles as below left, and an inequality between them is diagram:

These inherit the pointwise lexicographic order from 7T'R.

Definition 4.12. Consider the following double category CertLLensg:
1. The objects and tight maps are bundle predicates and their inequations, as in (A.2).

2. The loose maps consist of lenses (»;) : (g‘l ) = (gi) for the fibration of bundles over manifolds

described in Equation (4.5) together with a 9 function x (which we call the slack) which together
satisfy the following pair of conditions (the ‘certification’ part):

4.7)

{OCQ(W(O] ),612) + K(Y] (0] )) > Qg (Wﬁ(O] 7a2))
vi(o1) = pn(w(o1))

We denote quantitatively certified lenses as we did in the previous sections, but annotated by k:

() ()= (%) 48

These compose by lens composition and by addition of the slacks.

3. There is a square of a given signature precisely when the underlying uncertified lenses and maps
form a square of uncertified lenses, and the slack of the top lens dominates that of the bottom.

Definition 4.13. A certified ODE is a lens of the form () : (3") = () certified by (%% ) = (%).

Note that if ¢ > y: X — R, then (¢,do + ¢) > (y,dy + y) lexicographically but not with the
product order. This makes CertODE a well-defined 2-algebra over CertlLensg, by composition on the
left, very reminiscent of a module of Moore machines. It is moreover fibred over ODE,.

4.3 Lyapunov functions as certified open ODEs

We have now the means to reformulate Corollary 4.9 as saying that an equilibrium of open ODE is local
ISS if and only if it is a certified ODE (in the sense of Definition 4.13) of the form

(1) F () L (7). (4.9)
where

1. ais alocal storage function A — R, that is, it cannot depend on its first argument,
2. the slack A is such that id — A € £, — note that A = 0 has this property.

Indeed, under these assumptions the certification amounts to
¢(f(x,a)) +(id = 2)(p(x))

{a(a) d
@(x) > y(v(x))

We also see that then global ISS systems are those for which 7 is unbounded and v has unbounded image.

(4.10)

IV v
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Remark 4.14. By traslation, we obtain similar characterizations even when the distinguished equilibrium
xo # 0 — we fixed xo = 0 only for convenience. Also, in light of Remark 4.5 we can see that, up to change
of variables on the interface, we can always consider v and o to be the bare norm | — |.

We can also revisit the two key properties of ISS, non-linearity and the dissipative characterization,
and note they fit very naturally in our framework since they correspond to the soundness of the proof rules
COMP and SUBST in the 2-algebra of certified Moore machines, specifically as constructed in Section 4.2.

Indeed, the fibrancy of CertODE, over ODE, corresponds to the stability of ISS under change of
variables. What this means is that if X and X’ are equilibria of open ODEs and X’ 2 X is a morphism, then
if X" is ISS then so is X. In fact, this works for any simulation X’ — X, not necessarily invertible ones.

As for compositionality, this straight up holds by construction, though for it to preserve ISS we must
ensure the two aforementioned conditions are met, that is (1) the lens we use to compose the systems
must have outer interface certified by an assumption of the form oz, and (2) there is a non-trivial check
on A — we must have ‘enough slack’ to pull through composition.

We illustrate it with an example:

Example 4.15. In [33, §4], it is shown that ISS systems compose sequentially. Let (’::) and (':;)

be certified ODEs with interface ( 1?1) = (O‘;,lﬂz) and (1g ) S (0!;27752)7 respectively, and with slacks A,

and A,. The lens for sequential composition is (f) : (ﬁi%) = (g) defined as s(m,0) = o and

s*(m,0,a) = (a,m) — it is in fact a special case of feedback wiring. The canonical certification on (SS )
is as follows. First, we choose a slack k such that k(y;) > o — that is, we need the assumption on the

first composee to imply the assumption on the second to which it feeds in. We have

f (o1 +on)m K (ax
() (4557 = () an
So we see that in order to proceed with composition we must have ¥, (m) + 12 (0) > 1»(0) — always true
—and ax(m) + k(71 (m) + (o)) > aa(m) + k(71 (m)) > oy (a) + 0 (m) — true by assumption.

5 Conclusion and Future Work

We have described a general framework for assume-guarantee reasoning of state safety predicates for
generalized Moore machines, as well as a special case adapted to LISS Lyapunov functions. We aim to
expand on this work in a few ways. First, we hope to further develop the various examples covered by
our framework, most especially POMDPs. Second, and more decisively, we aim to expand beyond state
safety predicates to general (possibly quantitative) w-regular predicates of traces using supermartingale
certificates [1, 2, 16]. This more general verification works by coupling systems with a Biichi or Streett
automaton that recognizes the predicate, and then giving a Lyapunov function on the coupled system; in
fact, it is possible to express these “coupled Lyapunov functions” as morphisms on the original, uncoupled
system [24] (potentially leaving it open for assume-guarantee reasoning). We believe the theory here can
be extended thereby to give assume-guarantee reasoning for these general supermartingale certificates.
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A Construction of the double category CertlLensy

We construct the lax double functor Cert : Lens(OpenEuc, x OpenEuc, );;;°® — Span(%’at) whose
double Grothendieck construction (as in Section 3 of [10]) is CertLensg.

Definition A.1. We define a lax symmetric monoidal lax double functor
Cert : Lens(OpenEuc, x OpenEuc, );,°® — Span(%at) (A.1)

as follows:
1. Cert(g) := (OpenEuc, x OpenEuc, ), <<g>, (%)) is the set of bundle maps from m; : B X
F — Btom : R xR — R, ordered lexicographically:

X' xF' .

a/

X xF /ft/7 7/*#‘“‘0 \JTR
X o (A2)

v,
l /f/ PARRAN
X R

These maps are given by pairs Y: B— R and @ : B x F — R, and the ordering has (y,a) — (¥, )
when for all x, ¥(x) > ¥/ (x) and for all x and y, if y(x) = 7/(x) then o (x,y) > o' (x,y).

2. For a bundle map ({,) : (g) = (I; ), Cert acts by precomposition. Explicitly, this sends (“) to

Y
( (ry)—o(f(x).fi(x.y))
x—=Y(f(x))

3. For alens (Wﬂ> : (g) = (F:), we define Cert(wt) A (Cert(F) x(Cert(F,,> to be the full
w G w B B

) . This is evidently functorial.

subcategory consisting of triples <K, (i) , (‘;‘;)) for which the lens is certified:

(wn) C (oc) X (a) N {a/(W(X)J)JFK(Y(X)) > o(x, w(x,y)) (A3)

=
i ! Y Y(x) > 7 (w(x))
We refer to k as the slack. Slacks are considered a category by x; — k» when k| > k».

4. For a square as below left, implying the equations below right:

¥
(5) g (5) {wwf(x) 8e(u(x).y)) = filw,u (x,))
; . ; V) = Tyl wix, (A.4)
()(M>:(H)<>
(%)

K ’ K ’
we need to check that if (Wu> E <°‘) S (a ), then <”n) E (f”>*<°‘) S (g:)*<a ); in other
w Y Y u f Y g Y
words, that
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These follow formally from the equations governing the square and the assumption that (’fj) F
(?) = (‘;‘;), substituting in x < f(x) and y < gy (u(x),y) to (A.3).

0
5. We then need to supply the unitor and compositor. We quite trivially have <?§) = (g) = <?),

K
which handles the unitor. For the compositor, we add the slacks; suppose that (:ﬁ ) F <$1' ) ‘:1> <‘;f22)
1

and (Wg> E (“2> "~ <a3) seeking to show that (Wg> o (th) = <a1> ne <a2> We may prove
Wy r) 7 \n) g wn wi " - /) yP
this as follows:

o3 (w2(w1(x)),y) + (K1 + k) (N () = a3 (wa(wi(x)),y) + K1 (N (x)) + k(12 (w1(x)))

)
> o (w1 (x), w5 (w1 (x),¥)) + k2 (2 (w1 (x))) (A6)
(o, w5 ) '

nx) = nwix) = Bwa(wi(x)))

6. The laxitor Cert<£> X Cert(g: ) — Cert(ﬁi?) is given by componentwise addition:

o o o+ao
((5)-(5)) = (7).
On lenses, we also add the slacks. This is evidently commutative, associative, and monotone. The

identity is (8) : (} ) = (%). It interchanges with compositors because both add the slacks and

addition is commutative.
We see thus that this double category is very close to be a double category of lenses, except that:

1. The lexicographic order prevents bundle predicates from being fibred over predicates ‘in the correct
way’. The map of posets (R X R, >jexico) — (R,>) is a Grothendieck fibration but pullback along
a strict inequality a > b sends every pair (b,b’) to (a,0). This is not the behaviour we want, what
we want is to get (a,b’) or at most (a,n (b)) where 1 is parallel transport for a chosen connection
(remember b’ is a tangent vector at b, so one must explicitly move it to a different fiber).

2. One could fix the first problem by using the product order instead of lexicographic, but this
in turns makes Definition 4.13 unsatisfactory, since @ — (¢,d¢) is not a monotone section of
(RxR, >x>)—(R,>).

3. Finally, slack is needed, in practice, for good compositional properties, and that cannot be accounted
for in any way in a lens construction.

B Proofs of Section 3

We will make use of the theory of enhanced sketches [5]. Example 5.15 of ibid. gives the enhanced
sketch Ty for tight fibrations, so that models in the (chordate) enhanced 2-category of categories
A ody (Tsp, €at) = Fib are fibrations (lax- and pseudo-morphisms of fibrations coincide — both are
cartesian functors — see Example 4.10 of ibid.). We may define the sketch Ty, of tangencies to contain
the sketch for tight fibrations together with a loose section; we then have 7 an = .# od; (Tan, €at),
with maps given by the (strictly commuting) cartesian squares which are colax on sections. We may
therefore use symmetry of internalization (Theorem 7.5 of [5]) to prove Lemma 3.5.
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Proof of Lemma 3.5. By symmetry of internalization, we have

Fib(Tan) = A od;(Tsip, # 0ds o (Ttan, €at)) = A ody o (Tran, # 0ods | (Tsip, €at)) = Tan(Fib)

(B.1)

This shows that a tight fibration internal to the enhanced 2-category of tangencies is equivalently a

tangency internal to the enhanced 2-category of fibrations. The tight morphisms of tangencies are the strict

ones; the tight morphisms of fibrations strictly preserve the cleavage. A tangency internal to fibrations is a
diagram of the form:

PB % PE '% PB
PBY PEY PBY (B.2)

BT>E7»B

where the left square is cartesian (loose) and the right strictly preserves chosen cartesian lifts (tight);
it remains to show that asking for (7,Px) to be a fibration internal to .Zib is merely asking that it be
componentwise a fibration. This is a classical fact; it is proved for morphisms of fibrations over a fixed
base in Theorem 4.16 of [18] (attributed to Bénabou therein), and we may reduce our case to this by
noting that a square is cartesian when the gap map into the pullback over the map on bases is. O

We check that sets and boolean valued predicates gives an example of this notion.

Proof of Lemma 3.6. The first thing to check is that cod : PSet! — PSet is a fibration; equivalently,
this means that PSet has pullbacks. Since Set has pullbacks and Set(X,bool) has pullbacks (given by
conjunction A) for all X, and since these are preserved under reindexing (precomposition), PSet has
pullbacks constructed by
(AxcB,mfanm;B) — (B,B)
m - Is (B.3)
(A7 (X) 4f> (C? ’}/)
That p! is a fibration follows by Proposition 4.4 of [18]. We then need to check that (cod,cod) : p* — p
strictly preserves chosen lifts; but chosen lifts in each case are given by precomposition, so this is easily
satisfied. Finally, we need to show that >(S,¢) := ((m; : (SX S,¢ X @) — (S,¢))) is cartesian; but if
f:S8 — S, then the liftis f: (S, po f) — (S,¢) and we have (¢po f) x (po f) = (@ x @) o(f x f).
O

Finally, we come to Theorem 3.4. The key observation is that Lens : .#ib — Zbl preserves tight
fibrations because it preserves slicing; from this the extension to Moore is straightforward.

Proof of Theorem 3.4. We first show that LLens : .#ib — Zbl preserves tight fibrations. Since tight
fibrations are given by a sketch only marking colax limits of tight arrows, it will suffice to show that Lens
preserves colax limits of tight arrows (also known as slices X | f). The 2-functor ILens is a composite

(dom(—),(vert,cart)) Span

AdTp 222, b (B.4)

Fib

given first by sending a fibration 7 : E — B to the adequate triple [15] (E, (vert,cart)), and then taking
the span construction of adequate triples (see Section 2.3 of [21] for a review). In Theorem 2.13 of [15],
Span : &7/dTp — &bl is shown to be a nerve against the cosimplicial adequate triple Tw" : A — &/dTp
sending each n-simplex to its twisted arrow category (see Example 2.9 of ibid.); here, we take double
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categories Zbl — €at*®™ to be simplicial categories satisfying the Segal condition. For this reason, Span
preserves all 2-limits.

It therefore suffices to show that the functor sending 7 : E — B to (E, (vert,cart)) preserves colax
limits of tight arrows. By Proposition 4.14 of [18], .Zib has colax limits of arrows (in fact, all comma
objects), and they are constructed componentwise in 4 ’at; moreover, a map in the slice is vertical when it
is componentwise vertical, and cartesian when it is componentwise cartesian. It therefore suffices to show
that «7dTp also has colax limits of arrows constructed in ¥’at. We address this in Lemma B.1.

Finally, we must show that Moore also preserves fibrations. Fibrations of loose right modules are
constructed componentwise in € at, just like for bl (both double categories and loose right modules of
double categories are sketchable). Suppose we have a fibration (pg, pg) : (P7,>) — (7, T) of tangencies.
We have seen that (pg, pg) induces a fibration pg . : Lens(Px) — Lens(7); it remains to show that this
extends to Moore(Pm,>) — Moore(w,T), and for this it suffices to show on the categories of Moore
machines. But a map of (7, 7')-Moore machines is just a square of lenses whose tight domain is of the
form T o; it therefore suffices to note that a lift of such a square has tight domain (&), where 6 is the lift
of o along pg. This follows from the assumption that > preserves cartesian lifts. O

Lemma B.1. The 2-category </dTp of adequte triples (see Definition 2.9 of [21]) has all colax limits of
arrows, and they are constructed in € at.

Proof. Let: (E,(Lg,Rg)) — (B, (Lp,Rp)) be a morphism of adequate triples. We will show that the
colax limit (i.e. slice or comma) B | 7 of the functor underlying 7 may be endowed with the structure of
an adequate triple, making it the colax limit of 7 in 2/dTp. This is straightforward by taking the structure
componentwise.

A morphism in B | 7 is a pair of morphisms in B and E such that a square commutes in B; we’ll take
the left class to consist of those pairs where both maps are in their respective left classes, and similarly for
the right class. This endows the slice B | & with the structure of an adequate triple by taking pullbacks
componentwise, since 7 preserves L-R pullbacks; the pullback of (o, ;) along (ro,r2) is given by:

(B.5)

To show that this is the colax limit of 7 in 2/dTp, we must show that if o : f = 7mg is a natural
transformation and f : (X, (Lx,Rx)) — (B, (Lg,Rp)) and g : (X, (Lx,Rx)) — (E, (Lg,Rg)) are morphisms
of adequate triples, then the induced functor (@) : X — B | 7 is also a morphism of adequate triples; but
by assumption f and g preserve both classes and L-R pullbacks, and the adequate triple structure of B |
was chosen to be componentwise. O
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