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1 Introduction

When formalizing programs, data, processes, effects, etc., in category theory or type theory, it may turn
out crucial to keep track of different modalities of morphisms or terms: for instance, some quantum
circuits may be harder to classically simulate than others because they involve certain gates; or, for
information security, different data may have different levels of security. Such a family of modalities
naturally gives rise to a family of different categories that correspond to the different modalities. This
paper provides a theorem stating that, once we have such a family of categories, we can embed them into
a single category so that the modalities can be modelled by a family of monads.

After reviewing several examples of families of modalities (Subsection[I.1), we illustrate a construc-
tion based on enriched category theory that, given a modality family of this sort, the indexed category
arising from this family can be Yoneda-embedded into an indexed Kleisli category (Section [2). We
then demonstrate the utility of this construction by defining a generic linear/nonlinear type theory of a
modality family and showing how to interpret it in the constructed indexed Kleisli category (Section [3).

1.1 Examples of Modality Families in Application

Let us review some examples of application contexts in which it is crucial to keep track of different
modalities of morphisms or terms. We will see that poset-indexed categories underly all these examples.
We take three examples involving quantum circuits.

Example 1.1 (Reversibility and controllability of circuits).

Quantum programming languages often allow the programmer to apply high-level operations on quantum
circuits. Examples of such operations include reversing and control. Programming errors can arise,
however, from the fact that certain gates, such as state preparations and measurements, can make circuits
irreversible or uncontrollable. It is therefore desirable to equip quantum programming languages with a
type system that can keep track of the modalities of reversibility and controllability and thereby prevent
the programmer from trying to reverse the irreversible or to control the uncontrollable.

Since quantum circuits are controllable only if reversible, there are three kinds of circuits, the control-
lable (and therefore also reversible) ones, the reversible ones, and all the circuits in general. They form
three categories, Ctrl, Rev, and Gen, respectively, that are connected by identity-on-objects inclusion
functors, giving us the following diagram of categories.

Ctrl Rev Gen

We can also take a poset P = {ctrl < rev < gen} of the shape of this diagram and regard it as expressing
the modalities—being controllable, reversible, and general—and the implication among them. Then the
indexed category C : P — Cat that maps P to the diagram above provides a semantics for the modalities.
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Among the languages from the Quipper [[7] and Proto-Quipper family, Proto-Quipper-C [6] has a
type system that keeps track of this family of modalities P, as well as a categorical semantics based on
C (except that it is not assumed in [6] that the functor C(c)(rer) : Ctrl — Rev is faithful, as one may
add extra pieces of data to morphisms of Ctrl). A typing judgment is indexed by a modality o € P to
have the form I' ¢ M : A. The evaluation of the term M goes by expanding a circuit, and the index
means that only gates of modality « are used in this evaluation. In coordination with this idea, some
types are indexed by modalities as well, such as the function types A —oy B. Another is the circuit type,
Circy (S,U), the type of circuits (with input type S and output type U) of modality ¢¢. The typing rules
then dictate that reverse can only be applied to circuits of type Circy(S,U) with o < rev.

Example 1.2 (Simulating circuits).

Many quantum programming languages come with a range of classical simulators. For example, Qiskit
[LO] has simulators based on state-vector simulation and stabilizer simulation. Quipper [7] also has
simulators, one dedicated to classical reversible circuits, one to Clifford circuits, and one for general
quantum circuits. Since the dedicated simulators can simulate the kinds of circuits they are dedicated to
more efficiently than the general simulator can (see e.g. [1]), it would make sense to keep track of the
kinds of circuits so that a given circuit can be sent to its most efficient simulator.

This example involves the following four kinds of quantum circuits: the classical reversible ones; the
Clifford ones; the affine reversible circuits, i.e., the classical reversible and Clifford ones; and the circuits
in general. The first two kinds are generated by certain sets of gates, which means that the four kinds
of circuits form categories, so that we have the following diagram of categories, again with identity-on-
objects inclusion functors. Note that, since not all classical reversible circuits are Clifford and vice versa,

the shape of the diagram is not linear as in
Aff

T~

— .
CIRev CIlif
\ /
Gen

Example 1.3 (Circuits and physical processes).

In the two previous examples, the involved functors are inclusions, basically (though one functor in [6]
is not assumed to be). Here is an example in which the functor is meant not to be faithful.

Proto-Quipper-Dyn [5] has a type system for dynamic lifting, by which non-deterministic measure-
ment outcomes obtained by executing a circuit are used as parameters to generate the next circuit. The
operational semantics of the language involves probability distributions, and therefore the categorical se-
mantics takes advantage of not only the category Circ of circuits, but also the category Phys of quantum
physical operations and the functor / : Circ — Phys that sends circuits to the operations that underly
them. [ is not faithful, since the same physical operation can underly several different circuits.

The last example is from classical computing.
Example 1.4 (Language-based information security).

In language-based information security [8} [13]], one of the primary concerns is the control of information
flow, especially to prevent high-level (e.g. secret) information from flowing to a lower (e.g. public) level.
The basic information flow policy is called noninterference, it prohibits all explicit, implicit, and internal
timing information flows from secret to public [12].

Security levels are ordered, with ¢ < ¢/ meaning that ¢ is a higher level than ¢. The set of security
levels is generally assumed to form a lattice. Programs and types are then labelled with security levels.
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For example, in )gEECF [13], one works with a typing judgment of the form I'[¢] I e : s, in which ¢ is a

security level, e a term, and s a type labelled with a security level. The typing judgment indicates that
e will not modify a memory location with a security level lower than ¢. The function types in 7L§}5ECF are
labeled with security levels (or latent effects in the sense of [11]]) ¢, to have the form [¢]s — s’. This
means that a function f : [¢(]s — s may write to a memory location that has security level ¢. It is therefore
not safe to call f at a higher level than ¢. The type system makes sure that f cannot be called at a higher
level, thereby preventing higher level information from getting leaked to lower levels.

Since this example involves modalities applied to types, it may not seem to have the same sort of
structure as the other examples, in which we explicitly see an indexed category C : P — Cat. Our result,

however, suggests that the current example can be treated in the same fashion. See @).

1.2 How Our Result Helps

In all the examples above, we see poset-indexed categories C : P — Cat. The principal result of this paper
is to show that, when P is a join-semilattice and all C;; are identity on objects, we can use (generalized)
Yoneda embeddings and embed C into an “indexed Kleisli category”, i.e., a P-shaped family of Kleisli
categories KI(T;) of monads T; in a category A. A particular case of this construction was given in the
authors’ previous work [6]] for the P and C of and the result of this paper can be seen as
providing a theorem generalizing it.

Let us lay out two virtues of our result by focusing on two aspects of the construction: (a) that it
embeds C;’s by Yoneda embeddings, and (b) that it embeds C;’s into the Kleisli categories of monads in
a single category A. We will actually demonstrate these virtues in Section

(a) The first virtue concerns contexts in which C;’s are not (cartesian or monoidal) closed. For
instance, if we generate the symmetric monoidal categories of quantum circuits syntactically by sets of
gates, they are not monoidal closed. Our generalized Yoneda embeddings then embed C;’s into closed
categories, thereby making a lambda calculus available. The target categories can be made monoidal
closed as well, so that the embeddings are strong monoidal, serving the quantum cases of application.

(b) The second virtue is about the use of a single category A and a P-indexed monad T, as opposed
to a family of categories. For the sake of argument, let us assume C;’s are closed. Even then, a family
of categories C; is often inconvenient for modelling a type system. One may try to interpret a typing
judgment I'=; M : A as a morphism in C;. Nonetheless, the type system may have the following typing
rule for lambda-abstraction, for the bottom element O of P and i # 0.

I'x:A-;M:B
o Ax.M:A —; B

Indeed, Proto-Quipper-C does have this rule with 0 = ¢zl in[Example 1.1] This is because the evaluation
of Ax.M does not use any gates that break controllability or reversibility: Ax.M is a value and its trivial
evaluation does not use any gates at all. Now we would interpret the top judgment, of modality i, by
[M] : [I'] ®[A] — [B] that is a morphism of C;. But how to interpret the bottom judgment of modality
0? The assumed monoidal closure of C; would only give us a morphism [M] : [I'] — [A] — [B] of
C;, but there is no obvious functor from C; to Cy that would enable us to interpret Ax.M in Cy. This
difficulty is resolved by interpreting judgments of all modalities in the single category A.

Before carrying on to stating and proving our principal theorem, let us justify its assumptions. The
first assumption is that all the functors C;; are identity on objects. This holds in all the four examples
above, and it should be justified as long as we are concerned with modalities of morphisms. The second
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assumption is that P is a join-semilattice. Again, this holds in all the examples, but a stronger justification
comes from the fact that joins naturally arise from various typing rules, such as
CIJ,Fl I_,‘MZA —OkB <I>,F2 I_J'NIA
¢7F17F2 l_i\/ij MN : B

This rule, in terms of states that there are three ways in which the evaluation of MN involves
gates that break controllability: the evaluation of M does; the evaluation of N does; or M is such that
the evaluation of its application involves gates that break controllability. This means that the modality
of MN is the lowest upperbound of that of the judgment on M, that of the judgment on N, and the latent
effect k in M : A —o; B. In the same vein, the generic type theory for modality families that we define
in Subsection has several typing rules that presuppose joins of modalities. In fact, the concept of
join-semilattice-indexed monad appears in other forms of applications than the examples above (see,
e.g., Subsection 2.5 of [9]); our result can be seen as providing such applications with a method of
canonically constructing a join-semilattice-indexed monad.

2 Embedding into an Indexed Kleisli Category

Here is a statement of the principal theorem of this paper.

Definition 2.1. Let P be any poset. A P-indexed category is a P-shaped diagram C : P — Cat of cate-
gories. Given an (ordinary) category D, a P-indexed monad in D is a diagram T : P — Mnd(D) in the
category Mnd (D) of monads in D and their transformations, and the Kleisli category of T is a P-indexed
category E : P — Cat such that

1. E; =KI(T;) foreach i € P,
2. E;j : E; — E; for each i < j is the identity on objects that has

f Tijy
E,-j(f:XﬁT,-Y):X T,’Y TJ'Y

Theorem 2.2. Let L be any join-semilattice (including a bottom 0), and C : L — Cat be an L-indexed
category such that all the C;’s (i € L) share the same objects and C;; : C; — C; for each i < j is an
identity on objects. Then C fully embeds into the Kleisli category E : L — Cat of an L-indexed monad T
in some category A in the following manner.
1. (a) Eg = A with To =idy.
(b) TioT;=T;oT;=T; wheneveri < j.
(c) T;jx for each X equals the following for the unit nl of T;.

T]{’X : T,'X _— T‘,‘T,'X = TjX

2. There is a natural transformation H : C — E such that each H; : C; — E; is full and faithful and
indeed is a (generalized) Yoneda embedding.

Throughout this section, we fix L and C as in the theorem. Let us write Obj for the set of objects of
the C;’s.
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2.1 Bases of Enrichment

We construct the structure A, T, E in[Theorem 2.2| by taking advantage of enriched categories. Let us

first introduce the bases of enrichment that we will employ.
Foreachi € L, letus write L; = L(i,—) ={j€L|i< j}. Clearly, Ly = L. When i < j, it induces an
adjoint pair of monotone maps,

join;;
_
L; 1 Lj
inci j
where inc;; is the inclusion while join;; = —V j:L; — Lj:: k+ kV j. For each i € L, we have the
presheaf topos Sets’ of L;-indexed sets. For each i < j, the adjoint pair join;; Hinc;; induces a geometric

morphism U;; 4 A;; from Sets’/ to Sets’

Sets’s 1 Sets’
Ajj
by precomposition, i.e., U;; = — o inc;j and A;; = — o join,;. (This implies that U;; has a left adjoint and

A;;j has a right adjoint.) More explicitly, given X : L; — Sets, we have U;;X = X o inc;; : L; — Sets, so
that (U;;X )i = X, and given Y : L; — Sets, we have A;;Y =Y o join;; : L; — Sets, so that (A;;Y ) = Yy ;.
In particular, if j < k then (A;;Y )i = Y. This implies Ujj o A;; = idg,, ;. Note also that U and A are
functorial, i.e., Uj; o U;j = Uy and A;j o Aji = Ay whenever i < j < k.

We write T;; = A;j o U;; for the monad of U;; - A;;. It follows from U;; o A;; = idsetsLj that T;; is
idempotent. More generally, when i < j < k, we have T;; o Ty, = Tjy o Tij = Ty (by Ujj o Ajj = idg, s, as
well as the functoriality of U and A). One consequence of T;; being idempotent is that its multiplication
,LLT"J' : T,-.,-2 — T;j is the identity. The unit nT"-f i 1gesti — Tij 1s such that, for each L;-indexed set X : L; —

T . . _
Sets, the X-component 1y’ : X — T;;X is a natural transformation whose k-component is
]-;‘ j .
nX,jk = Xk(k\/j) Xy — Xy = (Tin)k.

Another consequence of T;; being an idempotent monad is that A;; : Sets’/ — Sets’ is a reflective sub-
category that is both the Eilenberg-Moore category and the Kleisli category of T;;.

For each i € L, since Sets is cartesian closed, we consider enrichment of categories in Sets’.
In particular, we take Sets™ as enriched in itself. Let us write ¥ for Sets’ regarded as a category
enriched in itself. Its hom-object #;(X,Y) is the exponential X =; Y in Sets’; or, described differently,
it is the L;-indexed set %(X,Y) : L; — Sets generated from the hom-set Sets’/(X,Y) by the functors
Uji : Sets’/ — Sets*, meaning that

Yi(X,Y); = Sets" (U;;X, UyjY),
Vi(X,Y) jk = Up ,x)(wyyr) - Sets™ (Ui X, UiY ) — Sets™ (U X, UpY ).
Note that Uij(%(X,Y)) = ”f/j(Uin,Uin) when i < j.
Indeed, when i < j, any 7j-category can be regarded as enriched in 7;, by sending hom-objects in 7}

to 7; by A;;. In particular, we can regard 7} as enriched in 7;. Then the ordinary functor Uj; : Setsli —
Sets’ can be regarded as a ¥;-functor Yij: ¥ — ¥j; it sends X to U;;X, and its (X,Y)-component is

T;j

My - VXGY) = (X, X)) = Ay (75(UX, U Y ),
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so that the underlying ordinary functor of 7;; is U;;. The right adjoint A;; : Sets’/ — Sets’ is also
enriched in “f/,;ﬂ we use the same notation for the 7;-enriched A;; : 7; — 7. It sends X to A;;X, and its
(X,Y)-component A;; xy : Ajj(7;(X,Y)) — ¥i(Ai;X,A;;Y) is given by k-components

A ) (U005 X) Wy ¥) - S (U X Ujiaos Y ) = Sets™ (A ) Ui jyX s Bitaov y Ujtaev y ¥ ) -

Again, the underlying ordinary functors of the #;-functor A;; is the ordinary A;;.

2.2 Encapsulating the Modality Family

We then introduce a family of ¥;-categories (i € L), D;, each of which has C; as its underlying ordinary
category but takes advantage of enrichment in #; to encapsulate not only C; but all C;’s (j € L;).

We define D; with Obj and hom-objects D;(A, B) that are generated in a manner similar to %;(X,Y),
from the hom-set C;(A, B) by the functors Cj; : C; — Cy.

Definition 2.3. For each i € L, we define D; to be the #;-category whose set of objects is Obj and whose
hom-object D;(A, B) for A, B € Obj is the L;-indexed set D;(A,B) : L; — Sets that has

D;(A,B); = C;(A,B)

Dl'(A,B)jk = Cjk,AB : Cj(A,B) — Ck(A,B).

Observe that U;(D;(A,B)) =D;(A,B). Moreover,

Definition 2.4. When i < j, we can define a ¥;-functor D;; : D; — D; (where we regard D; as enriched
in % via A;;) as an identity on objects whose (A, B)-component is a natural transformation

T;
Dij a8 =Ty, g : Di(A,B) = T;;(Di(A, B)) = Ai;(D;(A, B)).

Note that the underlying ordinary functor of D;; : D; — D; is C;; : C; — C;.

2.3 Enriched Yoneda Embeddings

For each i € L, we will consider ¥#;-valued and ¥;-enriched presheaves over D;, so that we can Yoneda-
embed D; into the category D; of those presheaves.
Indeed, the operation D is functorial, not only in the ordinary way but also in the enriched way.

Lemma 2.5. When i < j, there is an ordinary functor ﬁ,- j ﬁi ) j that sends F : D;° — ¥} to the

unique ﬁi iF making the following commute as a diagram of Vi-functors.

F

D;°P 4
D; ji =z l%j (D
D, ~ > 7
Dl'J'F

Here we only provide a proof sketch. See for a fuller proof.

I'This requires that L have finite joins. Induced by precomposition, U; j = — oinc;; has aright adjoint A;; regardless of joins,
defined by (A;;Y )i = limY,. But A;; thus defined would not be ¥;-enriched if not for joins jV k.
—

k<t
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Proof sketch. Given F : D;°? — ¥}, let us define D,'jF :D;P — ¥ by (DijF)(A) =U;;jFA and (DijF)AB =
UijFag : Dj(B,A) — ¥;(U;jFA,U;;FB). Fixing any G : D;°® — ¥}, it makes (I) commute in place of
D,-jF, ie.GoD;j=UjjoF,iff G= D,-jF. Moreover, given ¢ : F — G be a natural transformation of
¥;-presheaves F, G : D;°° — ¥;, define D,- o Di = Di ;G with A-components

(ﬁija)A = UijOCA : U,'J'FA — U,'jGA. 0

Lemma 2.5| helps us to descrlbe D as a ¥j- -category, by generating the hom-object D (F,G): L
Sets from the hom-set %" (F,G) by the functors D ik D — Dy, ie.,

D;(F,G); = ¥;°"" (D;;F,D;;G),

D,(F,G)x =D, B0 77 " (DyF,D;;G) — %" (D F, DyG).

It is then immediate that
Lemma 2.6. The functor D,-j : D,- — Dj of is enriched in V..
The uniqueness part of Lemmas [2.5H2.6] entails
Lemma 2.7. ﬁ]k o ﬁij = ﬁik-
Here is how the generalized Yoneda embedding y; : D; — D,-, as a 7;-functor, works on A € Obj: it
gives y;A : D;°P — ¥} such that
* (viA)(B) = Di(B,A).
* (yiA)pc : Di(C,B) — 7;(Di(B,A),D;(C,A)) is the map of L;-indexed sets whose j-component is
the function (y;A)pc,; : C;(C,B) — Sets“/(D;(B,A),D;(C,A)) as follows: for each f : C;(C,B),
note that Cji(f) : Cx(C,B), and (y;A)pc,;(f) : Dj(B, A) — D;(C,A) is the natural transformation
whose k-component is the precomposition functlon

((3iA)Bc,j(f))k : Ci(B,A) — Ci(C,A) :: g — g o Cj(f).

Observe that, when i, j < k, we have (yiA)pcx = (vjA)pck since ((yid)pck(f))e = ((vjA)pci(f))e for all
k < ¢, and therefore that U;;((viA)pc) = (yjA)sc when i < j. Based on this observation, here is a crucial
fact connecting D and the Yoneda embeddings.

Lemma 2.8. Whenever i < j, we have D; i(yiA) = y,A for every A € Objc.
See for a proof.

Looking at the diagram (I)), one may wonder if, when i < j, we need to more generally consider
¥;-valued and ”I/ enriched presheaves over D, Where we regard ¥} as enriched in ¥ via A;;. For the
¥;-category 7/ " of those presheaves, let us write D/ ;'3 80, in particular, D D /. As we are about to

show li however, the superscripts make no essential difference, as D J’ ~DP; -

Let us first introduce

Definition 2.9. For each i < j, precomposition with the %;-functor D;; : D; — D; and postcomposition
with the ¥;-functors
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give us the following %;-functors:

Vi =Yjo—
5 Do D" =— oDy i D, v ~ D,
D; =75 D=7 L D; =7
AU_A,']'O—

It is crucial to observe that the property 7;; o A;; = 1d1/ lifts to ”I/ o A, j = idp i whenever i < j.

Definition 2.9|helps us to rewrite 8land the commutativity part of Lemmas @]—@] into

Lemma 2.10. The following diagram of ¥;-functors commutes.

D; Ji = / \ )

D;

yj D"
Proof. The commutativity part of Lemmas[2.5H2.6/means that the triangle commutes. [Lemma 2.8 means
that the trapezoid on the left side commutes. O

Moreover, the bases of the triangle in (2)) is an isomorphism.

~

Lemma 2.11. The following opposite pair of V;-functors is mutually inverse, making D ji ~D i

ﬁij e} le

R /\ o

Dj—— D/
Proof. On the one hand, the commutativity part of Lemmas 2.6/—i.e. the triangle in (2)—implies
that D;;* o D;j o A;j = ¥;j o Ajj = idg; ;. On the other, we have D;; o A;; o D;;* = idy because, for any

J J

G: DjOP — 7/j, we have %j o Aij oGo Dij =Go Dij7 and this 1mp11es D,’j o Aij o D,J*(G> = Dij(Aij o
G o D;j) = G by the uniqueness part of Lemmas O

2.4 An Indexed Kleisli Category

The underlying ordinary versions of Dl- and y;’s serve as the E and H of , essentially. We
henceforth take the underlying categories and functors of the ones we discussed so far, recycling the
same notation for the underlying versions rather than introducing new notation.

Let us write YA",-j for the monad T;; o — of ”//,] = A,J It is also the monad of D,J = R,] = A,] o (Djj )*1
by Lemmas and The propertles of 1demp0tence and T, Tijo le = le o T, = T,k lift from 7;;. The
1dempotence means that R;; : D — D as well as A, e D — D is a reflective subcategory that is both
the Eilenberg-Moore category and the Kleisli category of T;; j- Thus, D is essentially the Kleisli category
of the L-indexed monad Tb_ in Dg, so that the natural transformation y_ Yoneda-embeds the L-indexed
category C into D.

One (evil) problem is that D,- as the Kleisli category of To: is the category of free algebras, rather
than the category of Kleisli morphisms between the same objects as DO, and hence that D fails to satisfy

Nevertheless, we have
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Fact 2.12. For i € L, write T; for T"Oi, and E; for the category KI(T;) of Kleisli morphisms of T;. Then
Ty = idA and Eg = ﬁo When i < j, define T;; : T; — T, by T;; x = anJX as in [Theorem 2.2|(Ic)), and
let E;; : E — E; be the identity on objects with E;;(f : X — T;Y) = T;;y o f as in|Definition 2.1 @ SO
that T is an L-indexed monad in Do and E its Kleisli category. Then ¢; : E; — D such that ¢,X = DO,
and

eixy :Ei(X,)Y) = ﬁo(X,YA"()iY) — ﬁi(ﬁOiXaﬁOiY)

is the isomorphism of ]A)o,' = Ro; is (part of) an equivalence of categories, and e; and e; make the right
square below commute whenever i < j.

Yi €

C; D, E;
of <o) - m

This enables us to “divert” y; to E; by pulling back y;A along e; xy; i.e., we can define H; : C; — E;
by y;A = yoA and

YViAB €i,(yoA)(yoB)
H;ap: Ci(A,B) ——— D;(yiA,yiB) Ei(y0A,yoB)

and this makes H; essentially Yoneda as y; = e; o H;. This establishes

2.5 Extra Structures

It should be emphasized for the sake of application that, being essentially Yoneda, the embedding H :
C — E in our construction accommodates several extra structures.

We will give a generic linear/non-linear type theory of modality families in Subsection [3.1] and pro-
vide it with a categorical semantics in Subsection [3.2] This semantics ~will take advantage of coproducts
in Eg—which are guaranteed to exist, since the presheaf categories D s, and E;’s by |[Fact 2.12L come
with all limits and colimits as well as exponentials.

For other structures that will figure significantly in Subsection[3.2] we have

Lemma 2.13. Suppose a category C : L — Cat indexed by a join-semilattice L is such that each C; is
symmetric monoidal and each C;; is monoidal. Then the L-indexed monad T and its Kleisli category E
given by [Theorem 2.2| satisfy the following properties: For each i, we can define a monoidal product ®;
and unit I; in E; so that

1. Each Ejj: (E;,®;,I;) = (E;,®;,1;) is strong monoidall.

2. Each H; : C; — (E;, ®;,1;) is strong monoidal.
3. Each (E;,®;,1I;) is monoidal closed.
4. Each'T; is commutative strong regarding ®; and I;.
5. For each i, there is a strong monoidal functor p; and a right adjoint b; that constitute a lin-
ear/monlinear adjunction (a la Benton [2]):
pi
S
Sets L (Ei,®i,1;)

bi
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Proof. We prove the equivalent cases for D instead of E. Day’s convolution [3]] gives ®; and [; satisfying
(2) and (3), and it is then straightforward to check (1). The proof of (4), commutative strength, is similar
to the one in [4]. For (5) p; -1b, define

p,ﬁSCtS—)ﬁ,ﬁiSH le‘, b,-:IA),-—>Sets::XH>]3,-(I,-,X).
xeS

(We write ﬁi(li,X ), etc., for hom-sets.) This makes p; strongly monoidal by the definition of ®; and I;.
We moreover have p; -1 b; because

Di(piS. X) = #%(1,D;(piS,X)) = %(1,D;( Y 1, X)) = #(1, [ [ Ds(£;, X)) = [] %(1,D;(1;, X))

xes xes BYSAY

=~ Sets(S,D;(1;, X)) = Sets(S, b;X). O

3 A Generic Type Theory for Modality Families

In this section, we first give a generic linear/non-linear type system of a modality family. We then show
how typing judgments of modality i can be interpreted by Kleisli morphisms of the monad T;.

3.1 Type System

Syntax Fixing a join-semilattice L, we use i, j, k to denote elements in L. We write O for the bottom and
iV j for joins. We work with type expressions A generated from some base types by monoidal product
types A ® B, linear function types A —o; B, and linear exponential types |;A. We write I for a typing
environment of the form x; : Ay,...,x, : A,. We assume there are some base types that are considered
non-resource (or parameter). We write P for a non-resource type generated from some base non-resource
type by ® and !;. We write ® for a parameter context of the form x; : Py,...,x, : P,.

The typing judgment I'=; M : A is labelled by i € L, meaning that the term M has modality i. The
following typing rules define a linear/nonlinear type system for tracking modalities.

Definition 3.1 (Typing rules).
P x:Algx:A var

'x:A-;M:B PI'1FM:A—o;B ®PIrHN:A
lambda . app
Fl—o AX.MIA—OI'B CD,F],FQ l_ivj\/k MN : B
OEiM:A L I'HiM: 1A force
D liftM : ;A [ty forceM : A
oI FM:A OIHH;N:B = OI1HN:A®B ®I7,x:Ay:B-;M:C
pair let

@, I', I Fiyj (M,N):A®B D, I', I Fyjlet(x,y) =NinM : C
Remark 3.2. Here are some remarks. (3)—(3) each invite further considerations, but we do not delve into
them in this paper.

1. All the values have modality 0, the bottom, as dictated by the rules var, lambda, and lift. We
justified this stipulation for quantum circuit scenarios in For information security
scenarios, values would have the lowest level, and therefore it is safe to use them in any higher
security environment.
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2. The types A —o; B and !; A have modality i as latent effect. Their elimination rules, app and force,
show how the latent effect—the modality of the function type or the linear exponential type—gets
incorporated into the modality of the resulting term.

3. In language-based security (Example 1.4), one further annotates each type with a modality, so
a type generally has the form A;. This however poses no problem for our semantics, as we can
interpret A; by T;[A].

4. The order on L induces a subtyping relation, which gives rise to the following typing rule.

I'HEiM:A ALZB
I l_i M:B

The subtyping relation A < B in the semantics can be modeled by a morphism [A] — [B].
5. Itis also possible to have a typing judgment for sub-modality, i.e.,
THM:A i<j
I '_j M:B

This can be modeled by the monad transformation T;; : T; — T (see (1B)).

3.2 Interpretation

We are to provide a categorical semantics for the linear/nonlinear type system of a given L-indexed sym-
metric monoidal category C : L — SMC. Let A, T: L — Mnd(A), and E : L — SMC be the symmetric
monoidal closed category, the L-indexed monad in A, and the Kleisli category of T, respectively, that
are given by [Theorem 2.2|and [Lemma 2.13] We also have a linear/nonlinear adjunction p = py b = by

between Sets and A by [Lemma 2.13| We write ! for the comonad p o b.
We first define the following interpretation of types.

Definition 3.3. We define [A] as an object of A by induction on the structure of A. We assume there are
some distinguished objects in A that serve as interpretation for the base types. Then set

[AB] = [A]®[B]
[5A] = IT[A]
[A—iB] = [A] —Ti[B]

For a parameter type P, its interpretation [P] is equipped with a comonoid structure, A : [P] —
[P] ® [P] and discard : [P] — 1. When I' = x| : Ay,...,x, : A,, we write [[] for the tensor product
[Ai]©-- @ [A4].

The following theorem gives an interpretation of the typing judgment I -; M : A as a Kleisli mor-
phism of T; (including To =ida) in A. See Appendix [B|for more details.

Theorem 3.4. IfI'; M : A, then there exists a morphism [I'; M : A] : [T] — Ti[A]. We often write
[M] for [T +; M : A].
Proof. We proceed by induction on the derivation of I'; M : A.
* Case. var
D x:AFgx:A
Since T = ida, we define [P, x: A Fox:A] by

discard®[A] o~
—_

[®] @ [A] I [A] — [A].
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* Case.
<I>,F1 l_,'MIA—O]'B (I),FQ I_kNZA

@, 1", I Fiyjvk MN : B

By the induction hypotheses, we have [M] : [®] ® [I'1] — T;([A] — T,[B]) and [N] : [®] ®
[[2] — Tk[A]. We therefore define [MN] by

app

[@]@ T[] = [®] ® [®] ® [T1] ® [T2]
= [®] @[] ® [®] @[]
PO, 1y(JA] — T,[B]) @ Tu[A]
- T T(([A] — T;[B]) ® [A])

—5  T/TWT[B]
l Ty jvi[B]-

Here s is the composition of two strength maps, and i is defined by
T Ty T;[B] — Tiv juxTiv jukTiv juk [B] = Tiv jux[B],
where the arrow is obtained by the monad transformations T; — Ty jyx, Tx — Tivjvx and T; —

Ty jvk, and the equation by idempotence.

¢ Case.
I'x:A-;M:B

I'tgAx.M:A —; B

lambda

By the induction hypothesis, we have [M] : [I'] ® [A] — T;[B]. By currying we have [Ax.M] =
[M] : [T'] — [A] —o T;[B], a morphism in A. O

4 Conclusion and Future Work

In this paper we provided a construction based on enriched categories that, given a join-semilattice-
indexed category C : L — Cat (with all C;; identities on objects), gives an L-indexed monad T in a single
category so that C can be Yoneda-embedded into its Kleisli category. This theorem can be applied to
provide a categorical semantics for type theories of a family of modalities of morphisms, including, but
not limited to, modalities of quantum circuits. We demonstrated the potential of such application by
defining a generic linear/nonlinear type theory of modality families and applying the theorem to provide
a categorical semantics.

There are various directions in which to extend the result of this paper. contained three
such directions as (3)—(5). Another direction concerns extra structures, or how to extend the results in
For instance, Yoneda embeddings do not preserve coproducts, whereas the semantics of
Proto-Quipper-Dyn (Example 1.3) needed them to be preserved. This is why the construction in [4]]
takes advantage of the Lambek embeddings rather than the Yoneda. Extending our general construction
recipe to cover more tailor-made embeddings and thereby to accommodate more extra structures can be
a significant project for the sake of application.



P. Fu, K. Kishida 13

References

(1]
(2]
(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]
[11]

[12]
[13]

A

Scott Aaronson & Daniel Gottesman (2004): Improved simulation of stabilizer circuits. Physical Review
A—Atomic, Molecular, and Optical Physics 70(5), p. 052328.

P Nick Benton (1994): A mixed linear and non-linear logic: Proofs, terms and models. In: International
Workshop on Computer Science Logic, Springer, pp. 121-135.

Brian Day (2006): On closed categories of functors. In: Reports of the Midwest Category Seminar IV,
Springer, pp. 1-38.

Peng Fu, Kohei Kishida, Neil J. Ross & Peter Selinger (2023): A biset-enriched categorical model for Proto-
Quipper with dynamic lifting. In: Proceedings of the 19th International Conference on Quantum Physics
and Logic, QPL 2022, Oxford, Electronic Proceedings in Theoretical Computer Science 394, pp. 302-342,
doithttps://doi.org/10.4204/EPTCS.394. 16/

Peng Fu, Kohei Kishida, Neil J. Ross & Peter Selinger (2023): Proto-Quipper with dynamic lifting. In:
Proceedings of the 50th ACM SIGPLAN Symposium on Principles of Programming Languages, POPL 2023,
Boston, Proceedings of the ACM on Programming Languages 7 (POPL), pp. 309-334, doifhttps://doi .|
[org/10.1145/3571204] Also available from arXiv:2204.13041,

Peng Fu, Kohei Kishida, Neil J. Ross & Peter Selinger (2025): Proto-Quipper with reversing and control.
Proceedings of the 22nd International Conference on Quantum Physics and Logic (QPL 2025), Varna, Bul-
garia.

Alexander S. Green, Peter LeFanu Lumsdaine, Neil J. Ross, Peter Selinger & Benoit Valiron (2013): Quip-
per: a scalable quantum programming language. In: Proceedings of the 34th Annual ACM SIGPLAN
Conference on Programming Language Design and Implementation, ACM SIGPLAN Notices 48, ACM, pp.
333-342.

Nevin Heintze & Jon G Riecke (1998): The SLam calculus: programming with secrecy and integrity. In:
Proceedings of the 25th ACM SIGPLAN-SIGACT symposium on Principles of programming languages, pp.
365-377.

Shin-ya Katsumata (2014): Parametric effect monads and semantics of effect systems. SIGPLAN Not. 49(1),
p. 633-645, doithttps://doi.org/10.1145/2578855.2535846. Available at https://doi.org/10.
1145/2578855 .2535846.

Qiskit. https://www.ibm.com/quantum/qiskit. Accessed: 2026-03-22.

Jean-Pierre Talpin & Pierre Jouvelot (1992): Polymorphic type, region and effect inference. Journal of func-
tional programming 2(3), pp. 245-271.

Stephan Arthur Zdancewic (2002): Programming languages for information security. Cornell University.

Steve Zdancewic (2003): A type system for robust declassification. Electronic Notes in Theoretical Computer
Science 83, pp. 263-277.

Proofs for Lemmas 2.5 and

Here is a proof for [Lemma 2.

Proof. Given F : D;°° — ¥, let us define ﬁijF :D;P = 7 by (ﬁijF)(A) = U;;FA and (ﬁijF)AB =
UijFap : Dj(B,A) — 7;(U;;FA,U;;FB). Fixing any G : D;°* — ¥}, we show that it makes (I)) commute
in place of ]A),-.,-F, ie.GoD;j=UjjoF,iff G= ﬁ,-jF. On A € Obj, since D;; is an identity on objects
we have G o D;;(A) = U;;FA iff GA = U;;FA = (ﬁijF)(A). On hom-objects, on the one hand, the (A, B)-


10.4204/EPTCS.394.16
http://arxiv.org/abs/2204.13041
10.1145/2578855.2535846
https://doi.org/10.1145/2578855.2535846
https://doi.org/10.1145/2578855.2535846
https://www.ibm.com/quantum/qiskit

14 All Hail Kleisli

component of (I is the following, which commutes by the naturality of 17 : idgeti — Tij.

F,
D;(B,A) 2 %(FA,FB)
Tij T
M5 4) - Ny:(Fa,FB)
T;;(Di(B,A)) = T;;(Vi(FA,FB))

Aij(DijF)ap) = T;j(Fap)

On the other hand, if G makes this square commute in place of ]A)i iF, then, for each j <k, the vertical
arrows of the k-component of the square are identities and therefore imply that the horizontal arrows,
Fipi = (IA),-.,-F )aB x above and Gup x below, are identical.

We now show that ﬁ,- ; extends to an ordinary functor. Let & : F — G be a natural transformation of
¥;-presheaves F, G : D;°° — ¥;. Then define ﬁi o IA),~ iF— ﬁi ;G with A-components

~

(D,’j(X)A = Ul'jOCA : U,'jFA — U,'jGA.

This is natural since applying U;; to the following hexagon, which commutes by the naturality of «, gives
the commuting hexagon that expresses the naturality of D;;cr.

Fap X oy
D;(B,A) x 1 ¥(FA,FB) x ¥%(FB,GB)
D;(B,A) s ¥(FA,GB) O
<m /
1 x D;(B,A) ¥i(FA,GA) x ¥(GA, GB)
og X Gup

Here is a proof for[Lemma 2.8

Proof. By the ulliqueness part of it is enough to show that y;A and y;A make (I)) commute in
place of F and D;;F, i.e., that (y;A) o D;j = Ujjo (y;A). For every B € Objc, we have (Ujjo (viA))(B) =
U;j(Di(B,A)) =Dj(B,A) = (y;A)(B) since D;; is an identity on objects. For any B,C € Obj, the (B,C)-
component of (I)) (with y;A, y;A in place of F, D; ;F) is the following because U;;((yiA)sc) = (v;A)sc,
and it commutes by the naturality of 7 : idgy i — Tij.

A
D/(C,B) e (Di(B,A), D(C.A))
Mov(c.5) z T (D(B.A)DHC.A) -
T;,(D(C.B)) Ty (#(Dy(B,A), Di(C, A)))

Aij((yjA)Bc) = Tij((viA)sc)



P. Fu, K. Kishida 15

B Proof for Theorem 3.4

Theorem B.1. If't; M : A, then there exists a morphism [U'; M : A] : [I'] — T;[A]. We often write
[M] for [T't; M : A].

Proof. We proceed by induction on the derivation of I'-; M : A.

e Case. var
P x:Algx:A

Since Ty = ida, we define [®,x: A Fox:A] by

discard®[A] o~
ST

[®] ® [A] I®[A] — [A]-

e Case
<I>,F1 l_,'MIA—OjB <I>,F2 I_kNZA
@, 1", I Fiyjuk MN : B

By the induction hypotheses, we have [M] : [®] ® [I'1] — T;([A] — T,[B]) and [N] : [®] ®
[[2] — Tk[A]. We therefore define [MN] by

app

[[(I)]] ® [[Fl]] ® [[1"2]] %} [[(I)]] ® [[(I)]] ® [[Fl]] & [[FZJ]
= [®] @[] © [®] © [I2]
WIEINL, -, ([A] —o T, [B]) © Te[A]
EN T, T¢(([A] — T;[B]) @ [A])

— T,‘Tij [[B]]
= T jvi[B]-

Here s is the composition of two strength maps, and i is defined by

T, T,T; [B] — T vk TivjviTiy jvk[[B]] =Ty jvk[[B]L

where the arrow is obtained by the monad transformations T; — T;y jvk, Tx — Tiyjvk, and T; —

Tiv vk
* Case.

'x:A-M:B
IF'FoAx.M:A—; B

lambda

By the induction hypothesis, we have [M] : [I'] ® [A] — T;[B]. By currying we have [Ax.M] =
[M] : [T] — [A] — T;[B], a morphism in A.

¢ Case.
F"[MZ 'JA

'ty forceM : A

force

By the induction hypothesis, we have [M] : [I'] — T;!T;[A]. We therefore define [force M] by
the following.

T; force

] X 1, s ga] Z o [A] L T AL

We write force : ! X — X for the counit of the comonad !.
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¢ Case.
dHM:A
D liftM : ;A

By the induction hypothesis, we have [M] : [®] — T;[A]. Since [®] = p(X) for some X € Sets,
by the adjunction p b we have [M] : X — bT;[A]. We therefore define [lift M] = p[M] : [®] —

T [A].
* Case.
CID,Fl I_iMIA CD,Fg FjNIB
<I>,F1,F2 l_i\/j (M,N) tA®B
By the induction hypotheses, we have [M] : [®] ® [I'1] — T;[A] and [N] : [®] ® [I2] — T,[B].
We define [(M,N)] by

lift

pair

[@®[M]®[RL] 2 [®] ® [®] ® [T1] ® [T]
= [®] @[] @ [®] @[]
WIS 1a) @ T,[B]
= T,T;([A] ® [B])
= Tiv;([A] ® [B])
" Case. O T HN:A®B CID,Fz,x:A,y:BI—jM:Clt

@, Fiyjlet(x,y) =NinM: C

By the induction hypotheses, we have [N] : [®] ® [I'1] — T:([A] ® [B]) and [M] : [®] ® [I2] ®
[A] ® [B] — T;[C]. We define [let(x,y) = N in M] by

[@]@ ][] 2 [®] ® [®] ® [T1] ® [T2]
=N [®] ® [I1] ® [®] @[]
PRI, 1 () o [8]) © [@] © 2]
= T;([A]l® [B] @ [®] @ [I2])
= Ti([@]  [I2] ® [A] @ [B])
RULIN T.T,[C]
4 Tiv;[C].
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