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In the past two decades of quantum information theory a simple concept has been studied in considerable depth:
the notion of circuit-theoretic hole and the higher-order operations that might be applied to it. Depending on the
perspective, such a hole or operation might represent: the most general kind of manipulation which can be applied to
a computational gate [I], the most general spacetime environment which can be probed by agent-interventions [2], a
node within a causal structure [3], a generalisation of the notion of non-markovian process to the quantum regime [4],
or even a quantum game [5].

It is not surprising to find the higher-order concept to be ubiquitous. A function of a function, a process on a
process, is no big stretch of the imagination, particularly in the light of the lambda calculus and its proposed quantum
generalisations [6]. More broadly however, as outlined above, the higher-order view appears to be a recurring theme -
appearing whenever aspects of the interaction between agent and environment (particularly for the purpose of handling
causal influence) need to be quantised. Despite this, an open problem remains in our understanding of the concept of
circuit-theoretic holes, and so in our understanding of causal modelling in general theories beyond finite dimensional
quantum mechanics. That problem, is on the completion of a somewhat deceivingly simple to state analogy:

Circuits <  Monoidal Categories,
(Higher-order) Circuits <>  (Higher-order) Monoidal Categories.

In other words, we do not have an algebraic model for what it means to be a higher-order circuit theory.

A natural proposal for higher-order monoidal categories, is to use the already established categorical notion of
closed monoidal categories [7]. Closure in a monoidal category captures a salient feature of higher-order functions,
namely, that they can be curried to give a natural isomorphism of the form C(a®?b, ¢) = C(a, [b, c]). This is a structure
with a notion of space, and a notion of higher order morphisms as those of type [a,a’] — [b,b'] in C. However, this
view adds something unnecessary and misses something necessary to the study of circuit-theoretic holes:

e The existence of iterated higher-order structure in closed monoidal categories requires iterated notions of higher-
order morphism, which appear unnecessary for the qualification of a theory as a theory of holes. Indeed, in the
theory of quantum supermaps, the majority of attention is given to those higher-order maps which are no-more
than 2"%-order [I}, 2].

e A key aspect of holes as modelled by quantum supermaps is that one need not insert an entire process into a
hole, instead one might only insert part of a multipartite process into a hole. There is nothing in the structure
of a closed monoidal category which allows for this. One cannot for instance impose that:

C(A,A)®C(B,B)~C(A® B,A'® B).

Indeed, to ask for such an isomorphism as argued in [§], is close to request the existence of pathological time
loops.

A resolution to the first point [9] put forward an interpretation of higher-order maps in terms of enriched categories
[10], and a resolution to the second point [§] put forward that the base for enrichment should be a symmetric polycat-
egory [11]. This proposal to study higher-order circuits as monoidal categories enriched in symmetric polycategories
is quite distinct from the traditional closed-monoidal view on what it means to be higher-order. It is certainly broad
enough that it avoids imposing unnecessary structure onto theories of higher-order maps, however, it is natural to ask
whether it might be still too broad to capture everything that is salient regarding higher-order processes.

In this article, we build an abstract model for the notion of higher-order circuit theories based on enrichment
into polycategories by further adding a minimal additional structure (a frobenius-like cotensor) which formalises
the existence of parallel pairs of holes. We consider the direct consequences of our higher-order circuit model, in
particular, proving that any higher-order circuit theory embeds into the theory of strong profunctors [12] 13} 4], an
abstract model put forward for the generalisation of higher-order transformations (and so indefinite causal structures)
to infinite-dimensional and operational probabilistic theories [15, [16].
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Enrichment and multi-arity composition laws:  We first give an outline description for the salient features
of a symmetric monoidal category C enriched into a symmetric polycategory P, focussing on giving intuition for the
higher-order concepts that they correspond to. Such an algebraic structure then, consists of:

e A collection of objects a,b,¢, ...

e For each pair of objects a,b an associated object in P denoted [a, b] (also, a notion of identity state is included
on [a,a] for each a),

e Families of sequential composition and parallel composition morphisms (we write each morphism formally on the
right and write it’s informal interpretation in terms of higher-order operations on the left):
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The polycategory structure allows us to introduce partial-nesting, this is the key idea in both the linear-algebraic [I7]
and categorical [15] approaches to defining quantum supermaps:
b, d,

m

‘b'l...

S

ay 51

ay C1 Cn

‘bl ‘bm d,

Inspired by the Yoneda lemma for polycategories [18], we use the cotensor to represent parallel wire-gaps
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We impose additional laws which encode coherence between the co-tensor and enrichment structure. As a concrete
example of a higher-order circuit coherence, there are the frobenius laws given by:
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which model the relationships between ways of arranging and composing wire-gaps. The former law for instance,
represents equivalence between two formal interpretations of three-parallel-gaps:
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Examples of higher-order circuit theories which somehow make use of compact closed categories in their construc-
tion include: (trivially) compact closed categories [19], (more interestingly) higher-order causal categories Caus|C]
constructed from pre-causal categories C [20], the D-supermaps on C for any embedding of a symmetric monoidal
category C into a compact closed category D 21, [8]. Examples of higher-order circuit theories which only make use of
symmetric monoidal structure (and so apply to all operational probabilistic theories and infinite dimensional quantum
theory) include polyslots [§], and single-party representable supermaps [§].

Upper Bound for Higher-Order Circuits:  We find an upper bound on the possibilities for higher-order circuits
over a fixed base theory C of lower order processes. The upper bound is given by the theory of strong profunctors
[12] 3] [14], which is used to give a general construction for the bare minimum requirements of supermaps [15].

Theorem. For every higher-order circuit theory (P,C) there exists a faithul multifunctor
F : P# — StrProf[C],
where P# is the quotient of P by behavioural equivalence on states.

Since it has been proven that on the symmetric monoidal category of quantum channels the morphisms between
strong profunctors model the quantum superchannels [21], [I5], this demonstrates that on the quantum channels there is
no higher-order circuit theory broader than higher-order quantum theory as it is traditionally conceptualised [22, [20].

Outlook and impact: Higher-order circuits, albeit in the case in which all possible compositional structures are
treated as strict, can be given a relativity simple categorical semantics in terms of polycategories, enrichment, and
cotensors. Each law for higher-order circuits has an interpretation as a graphically tautology, and with only those laws
in place it is possible to find an upper bound on higher-order circuits based on strong profunctors. As a result, we
appear to have distilled an intuitive concept into categorical algebra. A variety of questions and potential applications
naturally follow:

e How can the definition of higher-order circuits be adapted to the more complicated case in which C is no-longer
forced to be strict. In particular, could there be strictification and coherence theorems [23] for higher-order
circuits suitably categorified?

e Can the planar diagrams with holes be used to build a sound and complete graphical language for higher-order
circuits, in the same way that string diagrams are sound and complete for monoidal categories [24]? Could this
be combined with the ZX-calculus to give sound and complete calculi within higher-order quantum theory?

e Higher-order quantum operations [22] [20] can be equipped with rather complex composition operations [25] [26],
27, [16]. Most notably in the introduction of a sequencing tensor product which gives higher-order operations
the structure of BV-categories in the representable case [28]. Can the notion of a sequencing structure be added
to the polycategorical setting, or, is it already handled by enrichment?

e Given that we have distilled what it means to be a higher-order circuit theory, can we give a general approach to
higher-order resource theories, by defining them as (sub) higher-order circuits in analogy with [29] which defines
lower-order resource theories as (sub) circuit theories.

More broadly, this works aims to contribute towards development of a stable theory-independent framework for holes,
higher-order processes, and causal influence through the agent-environment interaction.
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