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Sequential Monte Carlo (SMC) algorithms [2], also called particle filters, were developed for approx-
imate inference in state-space models. They maintain a population of weighted samples, called particles,
that are periodically resampled to prevent weight degeneracy. More broadly, SMC applies whenever
a target distribution can be decomposed into a sequence of intermediate steps [4]. Traditionally, these
algorithms are formalized using discrete-time Feynman-Kac models [3] which consist of a sequence of
Markov kernels M; : X;_1 ~» X; and potential functions G;: X;_; X X; — R>¢.

In this talk', we interpret SMC categorically: any string diagram of s-finite kernels gives rise to
a weighted particle sampling scheme. This extends the string-diagrammatic account of exact filtering
given in [6]. We establish correctness by deriving a law of large numbers from compositional stability
properties. Finally, we describe how this framework has guided the design of probabilistic programming
languages (PPLs) in Julia [8] and PyTorch [9] and enables intuitive reasoning about programs.

Weighted kernels A kernel f: X ~ Y between measurable spaces is a function f: Xy x X — R>q such
that B — f(B | x) is a measure, and x — f(B | x) is measurable. A kernel is s-finite [7, 10] if it can be
written as a countable sum of finite kernels: f(B |x) =Y fi(B | x), where sup, fi(B | x) < co. Measurable
spaces and s-finite kernels assemble into a cd-category” sfKern [10, 1], enabling string-diagrammatic
reasoning. When all kernels in a diagram are Markov kernels (f(Y | x) = 1), one can approximate the
composite by ancestral sampling: topologically order the kernels, then iteratively draw y; ~ fi(— | x;).
To extend this sampling approach to non-normalized kernels we introduce weights. Any commutative
monoid object W € Ob(sfKern) induces a symmetric monoidal monad (— @ W) : sfKern — sfKern. This
makes the Kleisli category wKern := Kl(_gy) a cd-category [5]. We call arrows of wKern weighted
kernels. Drawing weights in red, and monoid multiplication as merging, weighted kernels compose by:

gof = A f = _ Lh =

Any s-finite kernel h: X ~» Y lifts to the weighted kernel Lh: X ~» Y ® W returning unit weight
e. To go in the opposite direction, we introduce a supply of integrators: a monoidal transformation
[: (—®W) = Id where every component [y: Y @ W — Y is an algebra for (— ® W). These properties
are sufficient for f — f¢ [ to define a symmetric strict monoidal functor [y, : wKern — sfKern.

We instantiate these results with W := (R, -, 1) and supply of integrators defined by [y (B | y,w) :=
wy € B], where [¢] is the indicator of ¢. In this case, [y maps a weighted kernel k: X ~» Y @ W to
its weighted expectation ( [y k)(B | x) = [, wk(B,dw | x). Conversely, by the Radon-Nikodym theorem

'This work is part of my upcoming Ph.D. thesis. A draft containing the relevant material can be found here.
2A cd-category is a symmetric monoidal category where every object has a commutative comonoid structure compatible
with the tensor product.
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for s-finite kernels [11], any s-finite kernel f: X ~» Y between standard Borel spaces can be lifted to a
weighted Markov kernel k: X ~»Y @ W with [y, k = f by reweighting any Markov kernel p: X ~~ Y that
dominates f in an appropriate sense. This yields a categorical account of sequential importance sam-
pling (SIS): Given a diagram of s-finite kernels f; between standard Borel spaces, lift them to weighted
Markov kernels k; € wKern with [y, k; = f;. Apply ancestral sampling to the composite weighted kernel,
then push the result down to sfKern via [y, by taking weighted averages.

Particle algorithms SIS becomes unstable as the number of steps increases, with only a few samples
keeping relatively high weights. This problem can be mitigated by resampling: we maintain a population
of particles, and periodically discard low-weight and duplicate high-weight particles in a consistent
manner. The simplest method draws new particle indices independently according to their weights.

We define a particle transformer ¢: (X,m) — (Y,n) to be a kernel ¢: (X @ W)™ ~~ (Y @ W)" that
operates on arrays of weighted samples. Let empy : (Y @ W)" ~~ Y be the kernel computing the empirical
distribution (y1.p, wi:p) — %Zi w; Oy,. We call ¢ mixable if empy o ¢ = ¢ oempy for a unique mean kernel
@: X — Y. The mean @ returns the expected empirical distribution of ¢ applied to (x, 1);?’:1.

Mixable particle transformers form a category Part under kernel composition. There is a functor
P: Part — sfKern sending ¢ — @. Any weighted Markov kernel k: X — Y ® W lifts functorially to a
particle transformer k" : (X,n) — (Y,n) with P(k") = [, k. We may therefore evaluate an s-finite kernel
f = [ k by computing the expected empirical distribution of the outputs of k". The same works for any
sequential decomposition of k. Classic resampling schemes define particle transformers r with P(r) = id,
so functoriality implies that resampling steps may be inserted freely.

In practice, we approximate [y k using a single sample (y;.,,w;.,) ~ k". This works since empirical
averages %Zi wit(y;) converge to expectations £y,  [#()] as n — co. We prove this using a compositional
stability condition, controlling how much particle transformers increase the variance Var [% Y, w,-t(y,-)]
and mean second moment E [% Y. wlz] of particles. Classic resampling schemes are stable, as is K" when
k has bounded first and second weight moments.

Programming with weighted kernels The concepts above translate into a PPL whose basic compo-
nents are weighted samplers k that draw (y,w) ~ k(— | x) for k: X ~ Y @ W. If available, k records a
density’ Iy: X x Y — R for [y k w.r.t. base measure v;. We can use unweighted samplers p by assign-
ing unit weights. More generally, to sample from a density /; w.r.t. v,,, we can sample from p and assign
weight [, /1,,. Finally, to observe a value yo from p we only return the likelihood weight 7, (x, o).

These ideas have been implemented in Julia [8] and PyTorch [9] libraries that provide a simple model
building syntax while handling vectorization and weight management in the background. We conclude
the talk by showing how one can easily reason about counterintuitive programs using string diagrams.

@model function linear_regression(data) @model
a ~ Normal(O, 5) #sample def linear_regression(data):
b ~ Normal(O, 5) a = sample("a", Normal(0, 5))
for (x, y) in data b = sample("b", Normal(O, 5))
y => Normal(a + b * x, 0.1) #observe for x, y in data:
end end observe(y, Normal(a + b * x, 0.1))

Figure 1: Bayesian linear regression in WeightedSampling.jl [8] (left) and WeightedSampling.torch [9] (right).

3A kernel f has density [;: X x Y — Rx( with respect to v if f(B | x) = [3l¢(x,y)v(dy)
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