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The powerset construction is the classical determinisation procedure for nondeterministic finite
automata. In the coalgebraic setting, this construction has been generalised to structured coalgebras,
coalgebras parametrised by an endofunctor, a monad, and a compatible algebra structure. For stochastic
Moore machines over the distribution monad, a type of structured coalgebra, the resulting determinised
machine has a state space of distributions on states and transitions given by the pushforwards of
these distributions along the appropriate maps. It then also induces a semantics assigning to each
finite input word a distribution on the current output. This semantics is appropriate when only the
current output matters, but it is too coarse for settings in which intermediate observations must also
be taken into account. These settings are typical for agents solving POMDPs in control theory and
reinforcement learning. In these contexts, agents need update state distributions by conditioning
on all realised observations, not just the final one, so to better plan for the future. Inspired by
computational mechanics and its treatment of unifilar models for given hidden Markov models
tackling a similar problem, a categorical construction with this feature has been proposed under the
name of unifilarisation. Starting from a stochastic Mealy machine, it produces a machine whose states
are priors over the original state space and whose transitions are given by Bayesian filtering. In this
paper, we show that unifilarisation is nevertheless an instance of coalgebraic determinisation. More
precisely, we work with Mealy machines over monads equipped with extra structure generalising the
notion of the support of a distribution. We show that in this setting, the corresponding unifilar machines
arise from the general determinisation procedure. In the stochastic case, the induced transition takes a
prior-weighted joint of next output and next state and decomposes it into an output marginal together
with posterior next-state distributions. We then compare the resulting final coalgebra semantics with
the Moore-style one. Instead of assigning only a distribution on current outputs to each finite input
word, it yields causal stochastic behaviours, that is, families mapping input words to distributions on
output words compatible with Bayesian filtering updates.

1 Introduction

Determinisation is classically introduced in automata theory as the move from nondeterministic finite
automata to deterministic finite automata via the subset (or powerset) construction [RS59]: given an
nondeterministic finite automata with state set X, the determinised machine has state set Pg,(X), with a
transition function mapping a subset S C X and an input symbol a to the set of all a-successors of states
in §, i.e. all the states that can be reached from § after consuming an input symbol a. This construction
yields an equivalent deterministic automaton that accepts the same language of finite words.

This construction has previously been generalised to a coalgebraic setup, specifically for (structured)
coalgebras (X, f : X — FT(X)) that can be determinised to coalgebras (T(X), f*: T(X) — FT(X)) [SBBRI0,
SBBR13, JSS15, BSS21]. This generalised construction is achieved by factoring (i) the transition type
one-step behaviour, represented by a functor F, from (ii) the branching type, represented by a monad T.
Using this factorisation, one first aggregates a T-structured collection of a-successors and then updates
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2 1 INTRODUCTION

this collection through a lifted transition map compatible with the original transition type specified by
the functor F. The traditional subset construction is a special case of this framework where the transition
type is that of a Moore machine of a specific kind and the branching is given by the finite powerset
monad T(—) = P (—). For this monad, determinisation groups states (by union) that can be reached
by consuming the same input. Its extension to (Rabin) probabilistic automata follows a similar pattern,
but with the distribution monad with finite support T(—) = D(—). In this case, determinisation averages
transitions by a given distribution of initial states, i.e. it performs a pushforward of probabilities along the
transitions of the given coalgebra. One consequence of this construction is that, when final coalgebras exist,
determinisation induces a behavioural semantics on determinised coalgebras. For the examples above,
this semantics is indexed by finite input words. In particular, when T = D, the determinised coalgebra
lives on D(X), and for each n > 0 assigns to every input word w € I" a distribution in D(O), obtained
by propagating an initial distribution on states through the transitions induced by w. Thus the semantics
records the distribution of the current output after a finite input history has been processed.

This semantics is natural when only the current output matters. However, there are settings in which
one also needs, for each possible realised output, the corresponding update of the state distribution, so that
prediction or control can be implemented consistently along an observed trajectory. In the probabilistic
case, this leads again to the state space D(X), now interpreted as a space of beliefs updated by Bayesian
filtering [Kal60, Jaz70]. In control and reinforcement learning this yields the belief MDP where posterior
distributions over hidden states form a fully observable state space for prediction and decision making,
and their transition is given by the Bayes filter [Ast65, Str65, KLC98, SSSM22]. Concretely, given a
prior p € D(X) and an input i € I, one forms a joint distribution on O x X of next output and next
state, then takes its marginal on O, and for each possible output o obtains a posterior distribution on
next states conditioned on observing o. The same construction appears in computational mechanics
as the mixed-state presentation [EMCQ09, CER16], see [RBB25, Section 5.1]. There, finite observation
histories induce distributions over the (hidden) states of a stochastic generator, called mixed states. This
treatment highlights an important aspect of this process, unifilarity: once the current mixed state and the
realised observation are fixed, the next mixed state is uniquely determined. Recent work formulates this
categorically as unifilarisation, with a functor from categories of stochastic machines to categories of
unifilar machines [Vir23].

In this paper, we show that unifilarisation is itself an instance of coalgebraic determinisation, but
not of the standard Moore-style form. For structured Moore machines over the distribution monad D,
determinisation aggregates successor behaviour by averaging and yields final semantics of the form /" —
D(0), recording only the distribution of the current output after a finite input history has been processed.
By contrast, we work with Mealy machines and monads with support, that is, monads T equipped with
isomorphisms of the form T(O x X) = [] 1) T(X )suPP(P) | From these we define supported Mealy

machines of the functor F(X) = ([ ,er(0) X supp(P))! . Supported Mealy machines then fit the structured-
coalgebra pattern as coalgebras f : X — F(TX), and we construct a compatible T-algebra & : T(F(TX)) —
F(TX). The general determinisation procedure therefore sends a machine with state space X to one
with state space T(X). For T = D, the resulting determinised coalgebra is exactly the unifilarisation of a
stochastic Mealy machine: given a prior and an input, it forms the prior-weighted joint law of next output
and next state, then rewrites it as an output marginal together with posterior next-state distributions. These
posterior distributions are precisely the same of belief MDPs and mixed-state presentations. This also
induces a different final coalgebra semantics from the Moore case: instead of assigning only a distribution
on current outputs to each finite input word, it yields causal stochastic behaviours, represented by families
by, : I" — D(0") compatible with Bayesian filtering updates.



2 Structured coalgebras

This section provides an overview of the generalised (coalgebraic) determinisation construction approach
introduced by [SBBR10, SBBR13], focusing on a few core examples relevant for a comparison of final
coalgebra semantics introduced for different kinds of determinations that can be shown to be special
cases of this general construction. Following [SBBR10, SBBR13], we introduce structured coalgebras, or
FT-coalgebras, coalgebras parametrised by a functor F and a monad T, and carrying a T-algebra structure.

Definition 1 (Structured coalgebras, or FT-coalgebras [SBBR10, SBBR13]). Let C be a category, F :
C — C an endofunctor and (T,n, 1) a monad on C. An FT-coalgebra is a coalgebra (S, f : S — FT(S))
of the endofunctor FT, together with a morphism & : TFT(S) — FT(S) such that (FT(S), &) is a T-algebra
over the monad (T,n, u).

Explicitly, this means a structured coalgebra consists of:
* an object S in C,
* amorphism f : § — FT(S), to be seen as a coalgebra of FT,
* amorphism & : TFT(S) — FT(S),
such that the following diagrams, representing unit and action properties, commute:

FT(S) — ™9, TFT(S) TTFT(S) —— TFT(S)
. ¢ HET(S) & 1)
idrr(s)
FT(S) TFT(S) ——— FI(S)

The idea is that the monad T models some kind of nondeterminism, and a coalgebra of FT models a
process with a nondeterministic component. Typical choices for T are T = Py, for finite possibilities,
T = D for discrete probabilities, or T = (—) + 1 for partiality. An FT-coalgebra can seen as a system where
the next-step behaviour is “F-shaped”, and the successor states come with branching or nondeterminism
of type T. The generalised determinisation procedure of [SBBR10, SBBR13] takes a structured coalgebra
(S, f,&) and produces a map f* : T(S) — FT(S), to be seen as a coalgebra of F with carrier T(S). This
can be seen as a deterministic system because it is a coalgebra of F only, without the nondeterminism.
Construction 2 (Determinisation of FT-coalgebras [SBBR10, SBBR13]). A structured coalgebra (S, f,&)
can be extended uniquely to a homomorphism of T-algebras f* : (TS, us) — (F(TS),&). This unique
extension is given by

4

1(8) & F1(5) = T(5) 2L TFT(S) & FT(S). 2)

The resulting map f* is a coalgebra of F with carrier T(S) and is called the determinisation of the
coalgebra f, or the determinised coalgebra.

Intuitively, & tells us how to combine a T-collection of one-step behaviours into a single one-step
behaviour. Using this, the original coalgebra extends uniquely to f* := £ o Tf, which give the transitions
of the determinised coalgebra. In [SBBR10, SBBR13] it is shown that various constructions, including the
classical power set construction and the totalisation of partial automata, are instances of this. We will later
show that unifilarisation, or the construction of a “belief machine” is also an instance, for an appropriate
choice of F, T and &.
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2.1 Example - Structured Moore machines

Various examples of this parametrisation are given in [SBBR10, SBBR13], including partial Mealy
automata, nondeterministic automata, pushdown automata, etc. Here we are especially interested in
one of these examples, structured Moore machines, which are structured coalgebras for the functor
F(—) =T(0) x (=)' and an arbitrary monad T. We are interested in these machines because of the final
coalgebra semantics they come equipped with for specific monads T, which we will use to compare to the
semantics induced by a different choice of F, T and & that capture Bayesian updates, see Section 4.3.

To define structured Moore machines we need the following proposition, which is part of the standard
theory of monads on Set. It relies on the fact that every monad on a Cartesian closed category has a
canonical strength.

Proposition 3. Given a monad (T,n, 1) on a Cartesian closed category, an algebra (X, h) for T and an
arbitrary set I, the set X' also carries an algebra structure K - T(X") — X! given by currying the map

t
T(X!) x 128 x? s 1) L0900, iy By 3)
Proof. Omitted. (This is part of the standard theory of monads.) O

Definition 4 (Structured Moore machines [SBBR13]). Given a monad (T,n, 1) and sets / and O, a T-
structured Moore machine is an FT-coalgebra (S, fermoore; € ), where F = T(0) x (=), and & : T(T(0) x
T(S)!) — T(0) x T(S) is given by

(T7r(0) Ty gyr) pox !
SN

& == T(T(0) x T(S)) T(T(0)) x T(T(S)') T(0) x T(8)! )

where 7; are projections for the i’th component of the Cartesian product and /.Lél) is Proposition 3 applied
to the free algebra T(S).

We will sometimes refer to the map frrmoore : S — T(O) x T(S) by its components,

SFTMoore = <0UtFTMoore S — T(O), trETMoore - S — T(S)1>~ 5

For particular choices of T, we can use this definition to obtain nondeterministic Moore machines (for the
finite nonempty powerset monad, Pg,) and stochastic Moore machines (for the distribution monad, D).
Taking the distribution monad as an example, we can regard a structured Moore machine as a machine
that, on each time step, produces an output in O stochastically, as well as taking in an input from / and
then stochastically updating its state. Since structured Moore machines are structured coalgebras, they can
be determinised using Construction 2, yielding the following.

Proposition 5 (Determinised structured Moore machines [SBBR13]). Let (S, frrmoore : S — T(O) x
T(S)!) be a structured Moore machine, understood as an FT-coalgebra. By determinising this structured
Moore machine, we obtain a coalgebra (T(S)’fIETMoore : T(S) — T(0) x T(S)!), with fﬁTMoore given by

flgTMoore = <OUt§JTMoore : T(S) — T(0)7 trii:TMoore : T(S) - T(S)1>7 (6)
where
T
ot gpro0re = T(S) ~25), T(T(0) x T(5)!) 2 T(T(0)) 4% T(0) )
and
T( ) 0
trytoore = T(S) ~22), T(T(0) 5 T(S)) — T(T(S)) 5 1(5).. ®)
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Proof. Straightforward. O

In the case of the distribution monad, this produces a machine whose state space is D(S). The
output map outﬁFT,\,I oore takes as input a measure over S and pushes it forward along the Markov kernel

JFTMoore 1 T(TCD(O)) Ho ) # .
§ —== D(D(0)) xD(S)") —— D(D(0)) — D(0O). The transition map triryoore does something
similar, pushing forward a measure over S along the map T(n’T( S)z) o ngM oore 1O get a measure over

functions 7 — T(S) (that is, an element of T(T(S)’)). The /.Lél) step can be seen as taking an input in / and
passing it to each of these functions to get an element of T(T(S)), and then averaging to get an element of
T(S). But this doesn’t involve conditioning on an observation, since no sample from the output distribution
is considered.

From the perspective of someone interested in reinforcement learning and POMDPs however, it might
seem surprising that these dynamics involve pushing forward a measure along a Markov kernel but that
they don’t involve a Bayesian conditioning step. The reason for this becomes clearer when considering the
final coalgebra semantics. A final coalgebra is said to capture the behaviour of a coalgebra [Rut00, Jac17].
More precisely, the elements of a final coalgebra (when it exists) are the possible observable behaviours
of all objects of a given category of coalgebras.

Following standard arguments from automata theory, [SBBR10, SBBR13] argue that for FT-coalgebras,
we should consider behaviours to be the final coalgebra of F rather than FT, so that the behaviours of a
FT-coalgebra are the F-behaviours of its determinisation. This is because the final coalgebra of FT is too
fine-grained: it can consider two machines to have different behaviours even if they are indistinguishable to
an external observer, because they differ in the behaviour of their internal state. Intuitively, determinisation
‘absorbs’ these internal differences.

We now consider the final coalgebra semantics in this sense for determinised stochastic Moore
machines, which are structured Moore machines with T = D. The functor F in this case is D(0) x (—)".

Proposition 6 (F-behaviours for stochastic Moore machines [SBBR10, SBBR13]). The endofunctor
D(0) x ()" has final coalgebra:

(D(O)’*, Ofthtaore : D(0) = D(0) x (D(O)’*)1> - ©)

Elements of the carrier of this final coalgebra are maps g : I* — D(0O) assigning to each finite input
word w € I* a distribution g(w) € D(O) on observations. Equivalently, for each o € O, the quantity
g(w)(0) € D(0) is the probability of observing o after reading w. This generalises the usual semantics of
(Rabin) probabilistic automata [Rab63]: when O = 2, each distribution g(w) € D(2) is determined by a
single scalar in [0, 1], namely the probability assigned to the designated accepting output, so one recovers
the standard acceptance probability of the word w. We note that the output here is stochastic, but it only
depends on the sequence of previous inputs. This makes sense in terms of Rabin probabilistic automata,
where the idea is to give a word as input to the machine, and obtain as output the probability of accepting
or rejecting the word. Since we only ever consider one output in this situation there is no need to invoke
conditioning via Bayes, since there are no observations to condition on, besides the last output.

However, in different situations involving agents solving, e.g. POMDPs in reinforcement learning
and control theory, one is interested not only in the final output given a sequence of inputs, but in the
whole sequence of intermediate outputs that the machine emits as well. This is because a controller can
observe these intermediate outputs from the POMDP and might choose to give different inputs depending
on what they are. For this reason, we desire different semantics in a POMDP setting. It turns out that this
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can be achieved in the determinisation framework of [SBBR13], but we must choose a different class of
automata. This will be the topic of the rest of the paper.

3 Monads with support

For the purpose of this paper, and particularly for the instantiation of unifilarisation in coalgebraic terms
following [Vir23], it will be more convenient from now on to work with Mealy machines rather than
Moore machines. We will however need Mealy machines of a particular kind, so before defining them
formally, we introduce the notion of monad with support and a few examples of it.

Monads with support are monads T that come with some extra structure, which we call support,
because in the case of the distribution monad it corresponds to the support of a distribution. This will be
important because for monads with support we will obtain the finitely supported version of the definition
of unifilarisation given in [Vir23], which will then also be derived from the generalised determinisation
construction of [SBBR13].

As in the case of the generalised determinisation of [SBBR10, SBBR13], we restrict our attention
here to monads on Set. This means that we do not attempt to extend Definition 7 to measure-theoretic
treatments. The notion of monad with support will probably not directly transfer to such contexts, since
the notion of support is quite subtle in category-theoretic probability [FGL*26].

Definition 7 (Monad with support). A monad with support consists of a monad 7" on Set together with,
for each X and each p € T(X), a subset supp(p) C X called the support of p, and for each X,Y an
isomorphism

Dyy T(X xY) = ]_[ T(y)suep(r (10)
peET(X
natural in both X and Y.

By naturality in both X and Y we mean that the assignment (X,Y) — [ T(Y)S“Pp(l’ ) extends to

a bifunctor G : Set x Set — Set given on objects by

=[] 1v y)supp(p (11)

PET(X)

PET(X

and, on morphisms f: X — X' and g: Y — Y’ by,
G(f,8) =Py y o T(f x g) oDy y, (12)
so that the following diagram commutes
TXxY) — 2 G(X.Y)
T(f%g) G(f.g) (13)

T(X'xY') ——— G(X',Y")

Dy yr

By construction, G satisfies G(idy,idy) = idg(x y) and G(f',g') 0 G(f,g) = G(f o f,g o g). Thus the
family (®x y)x y is a natural isomorphism & : T(— x —) = G.
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The definition of supp depends on the specific monad. We give some examples below, namely the
distribution monad and the finite nonempty powerset monad. Examples that don’t fit the definition (at
least not in the most obvious nontrivial way) include the powerset monad (finite or not), the partiality
monad and the subdistribution monad.

3.1 Examples of monads with support

Example 8. The distribution monad D is a monad with support.

To see this, we give some definitions from elementary probability theory, in the language of the
distribution monad. In the following, given p € D(X) and x € X, we write p(x) for the probability assigned
to x according to the distribution p, and similarly we write p’(x,y) for the probabilities assigned by a
distribution p’ € D(X x Y).

Definition 9 (Support of a probability distribution). Let D be the distribution monad. Given a set X, let
the map suppy : D(X) — Set be given by suppy (p) = {x € X | p(x) > 0}. Since there is little danger of
ambiguity we will just write this as supp(p).

Definition 10 (Marginal probability). Given an element p of D(X x Y) (seen as a joint distribution
between X and Y), define the marginal over X as py € D(X), where px(x) = ¥, p(x,y).

This is well defined because since p is finitely supported then there are only finitely many x € X where
px (x) is nonzero, so py is finitely supported as well. We now define conditional probability distributions,
restricting their domain in order to avoid dividing by zero.

Definition 11 (Conditional probability). Given p € D(X xY) and x € supp px, define the conditional
distribution over Y given x as py|, € D(Y), where py| () = p(x,y)/px (x).

We can again note that this is well defined, because since p is finitely supported, there are only finitely
many y for which py| «(y) > 0. We can then express a basic fact about probability:

Lemma 12. Given sets X and Y, there is an isomorphism, natural in both X and Y

®xy :D(X xY) = [T pyyseet (14)
peD(X)

given in the D(X xY) —= [ ,ep(x) DY )SUPP(P) direction by “disintegrating” [CJ19] the distribution into
a marginal and a conditional:

P (px, AX. py|x)- (15)

The inverse in the [ | ,ep(x) D(Y)*P(P) — D(X x Y) direction maps (qx , Ax.qy|x) to g € D(X xY), where
q(x,y) = qx (X)qy ().

Proof. Omitted. (This is a well known fact about elementary probability theory.) 0

In the following, Pg; refers to the nonempty powerset monad, which is the same as the usual finite
powerset monad P, except that we exclude the empty set, so that Py (X) ={U C X | U is finite and U #
a}.

Example 13. The finite nonempty powerset monad Pﬁ; is a monad with support, where supp(U) = U.
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That is, since U € Pgrn is already a set, U C X, we can take the support to be U itself. The isomorphism

Dy Ph(XxY) S [ PhLy)@. (16)
AePf (X)

is then given in the forward direction by
U~ ({xeX|(xy) €U, Ax.{yeY | (x,y) €U}) (17)
and in the reverse direction by

(Ux,f) = {(x,y) eX xY [x€Ux, y€ f(x)}. (18)

Remark 14. Another example of a monad with support is the nonempty powerset monad P, since
nothing above requires the finiteness condition. However, like the powerset monad, the nonempty powerset
monad lacks a final coalgebra.

4 Unifilarisation as determinisation of Mealy machines

4.1 Mealy machines

As hinted at before, we now formally switch from Moore machines to Mealy machines because unifi-
larisation is naturally formulated in terms of one-step joint behaviour of outputs and next states. This is
the key structural difference from the Moore case: in a Mealy coalgebra S — T(O x S)!, the output and
next state are packaged together, so after averaging one can rewrite the resulting joint distribution as an
output marginal together with posterior next-state distributions. That rewriting step is what later produces
Bayesian updates. We thus initially introduce Mealy machines as coalgebras following [Rut00, Jac17].
To capture existing definitions that include deterministic, nondeterministic, and stochastic Mealy ma-
chines [Vir23, BDLR25], we parametrise our definition with a monad T.

Definition 15 (Mealy machines). Mealy machines are coalgebras of the functor
FrMealy(—) = T(0 x —)". (19)

Using monads with support Definition 7, we then introduce the following notion.

Definition 16 (Supported Mealy machines). Given a monad with support T, supported Mealy machines
are coalgebras of the functor

1

FTSuppMeaIy(_) = H T supp . (20)
PET(0)

A supported Mealy machine can be seen as a gadget that starts in some state in X, receives an input in
1, and then produces both an output in O and its own next state in X under the branching specified by the
monad T. In general the output and the next state can be correlated, given the previous state and the input.
Calling these “Mealy machines” is justified by Eq. (10), which implies that Frs,ppmealy = Frmealy =
T(0x —).
Remark 17. Since we will only consider supported Mealy machines from now on, we shall refer to
supported Mealy machines simply as Mealy machines.
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An important example of Mealy machines is that of stochastic Mealy machines.
Definition 18 (Stochastic Mealy machines). Stochastic Mealy machines are coalgebras of the functor
FpsuppMealy, 1.€. Mealy machines for T = D.

Next we show how unifilarisation can be expressed for Mealy machines and in particular for stochastic
ones, which capture the definition by [Vir23].

4.2 Unifilarisation of Mealy machines

Here we adapt the unifilarisation definition given in [Vir23] to our framework, in which Mealy machines
are seen as coalgebras. To do that, we first introduce unifilar Mealy machines. These are a variation on the
concept of a Mealy machine, which is somewhat less intuitive but is closely related to a central concept in
computational mechanics, that of a unifilar hidden Markov process [SC01, BC15].

Definition 19 (Unifilar Mealy machines). Unifilar Mealy machines are coalgebras of the (polynomial)

functor
I

Funiftmeay(—) = | [T (=)@ ] . 1)
PeT(0)

A unifilar Mealy machine can be seen as a gadget that starts in some state in X, takes an input in /,
generates an output in O with branching specified by T, and then deterministically updates its state, as a
function of both the given input and its own generated output, which can be stochastic, nondeterministic,
etc. Its next state is only defined on those outputs that it produces with positive probability, given its
current state and input.

We will show shortly that, for T = D, Mealy machines can be given a T-algebra structure such that
the determinisation of a Mealy machine is a unifilar Mealy machine. Before we do that, however, we first
spell out what the definition of unifilarisation from [Vir23] amounts to when specialised to the distribution
monad, in our current notation. We will later show that determinisation produces the same result.
Definition 20 (Unifilarisation of stochastic Mealy machines [Vir23]). Let (S, fpsuppMealy) be a stochastic
Mealy machine. Its unifilarisation is the unifilar Mealy machine (D(S), funifbMealy) Where transitions

I

funitomeaty :D(S) = | J] D(s)™ e (22)
peD(0)
are defined as follows. For ¢ € D(S) and i € I, first define the joint distribution
pg.i(0,5) Z}qq D45 (fosuppMealy (5) (1)) (0,5). (23)
s€
This takes a little unpacking. The idea is that for each outcome s, fpsuppMealy (s) (i) is an element of
(HPED(O) T(S)S“pp(m) , and so we can turn it into a joint distribution over O x S via the isomorphism <I>5}S

We then take the average of all of these. Conceptually, all we are doing here is calculating the expected
distribution over outputs s, 0 of the Mealy machine, given an input i/ and a distribution g over initial states.

Next we define the output marginal over O and, for each o € supp(p,,;), the posterior next-state
distribution:

Pailo %pq, 0,)  kei(0)(s') = p;q(o(os)) (24)

We then set fUnifDMeaIy (Q)(l) = (pq,hkq,i)-
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Unifilarisation produces an epistemic model, a unifilar Mealy machine, from a given stochastic Mealy
machine that could (but doesn’t have to) represent an environment for an agent. It is called “epistemic”
because the state space of the unifilar Mealy machine is given by beliefs about X, D(X), that could be
said to belong to an idealised Bayesian reasoner, or to an agent. The idea is that the reasoner’s prior at
any given time is an element of the state space D(X), which is updated following Bayesian filtering. This
process underlies the construction of belief MDPs in reinforcement learning [KL.C98] and their previous
formulations in terms of state information and sufficient statistics for control in control theory [Ast65,
Str65], which correspond to unifilar Mealy machines with marginalised observations [Vir23]. It also
generalises the construction of mixed state presentations in computational mechanics [EMC09, CER16].
For T = P/, we obtain the same construction proposed by [Vir23] since the Kleisli category of the (finite)
nonempty powerset monad is also a strongly representable Markov category.

Next we can note that Frsyppmealy = Funiftmealy T, 80 that (supported) Mealy machines are coalgebras
of Funiftmealy FT. After showing that coalgebras of this type carry a T-algebra structure, we will then prove
that the determinisation construction applied to these coalgebras will give unifilar machines implementing
Bayesian updates.

4.3 Determinisation of Mealy machines

Mealy machines can be equipped with a T-algebra structure. To do so, we first give ]_[teT(O) T(S)*PP(*) an
algebra structure.

Proposition 21. The map v : T (HteT(O) T(S)S“pp(’)) = [Lier(o) T(S)*“PP(), given by

T(d,!
vi=T HT S)supp(t M>T(T(0><S))M>T0><S—>]_[T )Pl (25)

teT(0 tET(O
induces an algebra structure on | [, e1(0) T(S)SUPP(l ).

Proof. This is the transport of the free algebra structure on T(O x §) along the isomorphism ®. O

I
Then FrsyppMealy (S) = (]_LGT(O) T(S)S”pp(f)) has an algebra structure given by

1 1

(1)
g=1| | T T | | 2 T Ty | 26)

teT(0) teT(0)

which is an algebra structure by Proposition 3.
Since Mealy machines with this T-algebra structure are FT-algebras, they can be determinised
using [SBBR13]’s construction, which yields a determinised machine

(T(S)afjt"suppmeaw = 5 OTfTSuppMeaIy) (27)

with £ as in Eq. (26).
As our main result, we now show that in the case T = D, these determinised machines are exactly the
ones given by the unifilarisation of [Vir23] in the form of Definition 20.
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I
PeD(0 D(_g)supp(p)> be a
stochastic Mealy machine, equipped with the algebra map in Eq. (26), with T = D. Its determinisation is
exactly its unifilarisation according to Definition 20.

Theorem 22 (Unifilarisation is determinisation). Let (S, fpsuppMealy : S — (]_[

Sketch proof. The determinisation of (S, fpsuppMealy) is given by (D(S), flﬁ)SuppMealy)’ where, using Egs. (26)
and (27),

1 1

D(ﬁ)Su Meal) su V(I) su
f]ﬁ)SuppMeaIy = D<S) ——=D H D pp(p — H D(S) pp(p) . (28)
p€D(0) peD(0)

We wish to show that, for ¢ € D(S) and i € I, we have f]ﬁ)Mealy(q)(i) = (pg,i-kq,i), with p,; and kg ; as
defined in Eq. (24).

To proceed, we uncurry v and expand the definition of v noting that fésuppM caly is the curried
version of

I I
Sty

D(S) x 1 D pssereaty) X1 ]_[ D)0 | | <71 —Lp (| T D)@ | x1
teD(0 teD(0)

D(eval,. (P,
Dealod, [T ps)sert MT(T(OxS))MTO 5) 203, [T Dsyee®. (29)

teD(0) teD(0)

The first five steps of Eq. (29) are performing the same calculation as Eq. (23), taking as input g € DS and
i € I and forming the distribution p, ;(0,s"). The last step forms the marginal p, ;(0) and the conditional
kg i(0)(s'), as in Eq. (24), via the isomorphism in Lemma 12. O

As with stochastic Moore machines in Section 2.1, it is helpful to compare this to the final coalgebra
semantics. The final coalgebra for unfilar machines is worked out in [Vir23]. We summarise it here,
starting with the following definition.

Definition 23 (Causal stochastic behaviour). Let D be the distribution monad, and let X,Y € Set. For
each n > 0, write X" and Y" for the n-fold Cartesian products (with X 0=y%=1), and let

X xm o X D GRS (30)

be the prefix projections: for n = 0, these are the unique maps ngf :X — 1and ng :Y —1,and forn>1
they are given by ¥ (xo,...,%,) = (X05--+,Xn—1)> 7} (Y05--+,Yn) = (Yo,---,¥n_1). A causal stochastic
behaviour from X to Y is a family

b,:X"—=D®¥")  (n>0) (31)
such that
D(n))ob, 1 =b,ont  Yn>0 (32)

We write Causp (X, Y) for the set of all such families.

These are called “causal” because each distribution of the first n output symbols depends only on the
first n input symbols. Using this fact, we can now define the following.
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Proposition 24 (Final coalgebra of determinised stochastic Mealy machines [Vir23]). The endofunctor
I
(HI)ED(O) (—)supp(p )) has final coalgebra:

1
Causp(1,0), O yey), : Causp(l,0) — ( X% )(CausD(l, 0))5“1’1’(1’)) : (33)
peD(0

Elements of Causp(/,0) are causal stochastic behaviours. Such behaviours assign to each finite
input word w € I" a distribution b,(w) € D(O") on output words of length n and these assignments are
compatible under marginalisation:

D(A0) (b1 (w) = bu (W) (we "), (34)

Unlike the Moore case, this semantics records full causal input-output behaviour, rather than only the
last output distribution after a finite input word. This gives some intuition for why Bayesian conditioning
appears in the determinisation of supported Mealy machines but not for stochastic Moore machines: in
order to correctly predict future outputs, the determinised machine needs to take account of what the
previous output was, and Bayesian conditioning is the natural way to achieve this.

5 Conclusion

The main result of this paper is that unifilarisation fits the general pattern of coalgebraic determinisation.
The point is not that it coincides with the standard Moore-style construction, but that it arises from the
same determinisation principle once the transition type is changed appropriately. By passing from Moore
machines to Mealy machines over monads with support, we obtain a determinisation procedure on T(X)
that, in the case of the distribution monad, reproduces exactly the Bayesian filtering update of stochastic
unifilar machines.

This also clarifies the source of the semantic gap between the two settings. Standard determinisation
of stochastic Moore machines keeps track only of the distribution of the current output after a finite input
history, in line with the idea of language acceptance from automata theory. Unifilarisation, by contrast,
keeps track of output histories together with the posterior updates they induce, and therefore yields a
semantics in terms of causal stochastic behaviours, which is more in line with agents solving problems
such as POMDPs in reinforcement learning. The contribution of the paper is therefore twofold: it identifies
unifilarisation as an instance of coalgebraic determinisation, and it explains precisely why this instance
induces a richer behavioural semantics than the standard stochastic Moore case.
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