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Graph rewriting is the predominant technique used for reasoning with monoidal categories. Equiv-
alences between morphisms are expressed as string diagrammatic equations and applied in form of
graph rewrite rules. We study a class of graph categories in which substitution of subgraphs is de-
fined as an instance of double-pushout rewriting and compare it to notions of substitution and pattern
matching in term calculi like Standard ML. With substitution as primary operation, we show how to
organise graphs into a multicategory with substitution as the composition operation. We then define
the opposite construction to the graph multicategory and argue that it resembles a co-multicategory of
graph patterns. As both graphs and patterns live in the same underlying category, we can study their
interaction. This leads to a language of pattern matching for adhesive categories of graphs which we
propose as a new construct for programming and reasoning with graphical calculi.

1 Introduction

Graphical languages are a common tool for the representation of computational processes, both in the-
oretical modelling such as Petri nets and in concrete descriptions of hardware such as circuits calculi.
Of particular interest to us are string diagrams [36]], a graphical syntax for morphisms in monoidal cat-
egories. String diagrams play a major role in the formalisation of a wide range of applications across
theoretical computer science and physics, including concurrency theory [37, 8], functional program-
ming [34} [35]], economics [19]], quantum computing [10} [11} [12], to name only a few. String diagrams
are not useful as an explanatory tool, they are also mathematically rigid as equal diagrams represent equal
morphisms in the monoidal theory [30]. Reasoning with diagrammatic languages consists of applying
these diagrammatic equalities as rewrite rules.

The use of diagrammatic languages has proven effective not only for pen and paper calculation, but
also as the basis for automated systems [25} |3} [13]]. This work contributes to transferring well known pro-
gramming techniques to the realm of diagrammatic languages. We observe the connection between the
substitution of subgraphs to the substitution of terms for variables in functional programming languages
such as Standard ML. We then establish a similar connection with the notion of pattern matching.

We start from the well established formalism of double-pushout rewriting for implementing graph
rewriting [[15]. This two-step procedure specifies the removal of a subgraph from a larger graph fol-
lowed by the insertion of a different subgraph into the hole. The double-pushout construction ensures
the soundness of the rewrite by enforcing interface equality between subgraphs. Furthermore, it guaran-
tees locality, ensuring that the rewriting procedure does not affect the context graph. Using the notion
of boundary-preserving substitution as primitive operation, we define graphs as morphisms of a multi-
category where objects represent the type of graph variables and morphisms encode graphs containing
variables. An example graph is illustrated in Figure[Tal Composition corresponds to the substitution of a
subgraph for a variable, implemented as one instance of DPO rewriting.
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2 Compositional Graph Pattern Matching

(a) Example of a graph with one variable G: S - T. (b) Example of a pattern with one variable P: T — R.

The same principle motivates the study of a co-multicategory in which morphisms are graph patterns.
Patterns specify the layout of pattern variables inside a graph structure, with composition expressing
pattern refinement. An example of a pattern is shown in Figure [Tb] As both graphs and patterns live in
the same underlying category of graphs, their interaction can be expressed by graph morphisms. This
leads to a notion of pattern matching, similar to the corresponding notion in functional programming.

Pattern Matching In functional programming languages, the use of pattern matching is a standard
technique to define functions on algebraic data types. Having been introduced as a strategy for proving
meta-theoretic properties of programs [9, 33]], pattern matching for function arguments was first imple-
mented as a programming construct in Standard ML [18]]. By a pattern we understand an expression
containing variables, defining the shape of a term polymorphically, for example on the left-hand side of
a function definition. When the function is called with a concrete term, the term is matched against the
pattern and the pattern variables are instantiated with concrete terms. An example of pattern matching
on lists in Haskell is explained in Appendix [Al Our notion of pattern matching for graphs describes the
same operation on different data: given a graph pattern containing variables, we match a concrete graph
against it by instantiating the pattern variables with concrete subgraphs. In term languages, substitu-
tion and pattern matching are complementary operations. We transfer this correspondence to graphs:
with substitution of graphs being represented by DPO rewriting, we will implement pattern matching by
constructing the corresponding pushout complements.

Remark 1. Our notion is related to but not the same as subgraph matching, specifying the position of a
small graph inside a larger one. In our framework, patterns and graphs have the same interface structure
and the pattern matching operation maps substructures of the graph onto variables inside the pattern.

Graph Category Our construction addresses categories of graphs with the following two properties:
rewriting can be implemented by the double-pushout construction and the notion of boundary of a graph
is well defined. We achieve the latter by working with product categories [27] (PROs) which describe
processes as functions of their boundaries, and the former by considering categories with adhesive prop-
erties [29) 28] in which DPO rewriting is well defined. In this general framework, the definitions of
substitution and pattern matching are pleasingly simple. Certain instances of graph categories may re-
quire a more careful treatment — we will demonstrate one such example — but this is merely due to the
complexity of the graph category instead of the construction we present.

2 Substitution for Graphs

Equational theories for monoidal categories typically consist of a set of rewrite rules of subterms. When-
ever a larger term contains a subterm which is the subject of a rewrite rule, we can replace it by the
right-hand side subterm. This operation can be implemented directly on string diagrams. The standard
notion of graph rewriting in the context of diagrammatic languages is double-pushout rewriting [15]].
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2.1 Double-Pushout Rewriting

Assume a category of graphs G with graphs as objects and maps being injective graph homomorphisms.
In double-pushout rewriting, the input information consists of a rewrite rule L = R and amatchm:L - G
of the left-hand side (LHS) graph into a larger graph, indicating where to apply the rewrite rule inside a
larger graph G. The overall operation is expressed by the commuting diagram in Figure [2a

The boundary structures of the graphs L and R have to coincide for the rewrite rule to be well formed.
To enforce this correspondence, a rule L = R is represented as a span L < B — R, where B is a common
subgraph of both L and R, specifying the interface of both. The other input to a DPO operation is the map
m: L — G which specifies where to apply the rewrite rule within a larger graph G. Applying a rewrite rule
consists of two stages: First we remove the LHS graph L from G by calculating the pushout complement
of the composite arrow B — L — G. The result of removing L from G is a context graph C = G\ L with a
hole. The pushout complement construction ensures that the hole in C has the same boundary as L and
R. The second step is the insertion of the RHS graph R into the hole in the context graph, calculated as
the pushout of the span C <~ B — R.

The DPO approach to rewriting captures an important characteristic of rewrite rules. It emphasises
that applying a rule only changes the subgraph in focus and no other part of the graph; the context is
unaffected by a rewrite rule. This is ensured by the separation of the subgraph and the context by the
span L < B — C (and the corresponding commutation of the LHS square) before the application of the
rewrite. The actual rewriting operation is only defined on the small subgraph and not on the context
graph. This is an elegant framework as it not only isolates the subgraph in question but also modularises
rewriting. We are able to apply the rewrite in any other context graph in a straightforward manner, as

long as the boundaries between hole and subgraphs match.
- -t
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(a) Schema of DPO rewriting. (b) A concrete example of DPO rewriting.

E_\.

Figure [2b| shows a concrete example of a DPO rewrite operation. The boundary graph consists of
three edges, representing the open edges of the left- and right-hand side of the rewrite rule, and therefore
also the open edges of the hole in the context graph.

Adhesive Categories Adhesive categories [29, 28] are those in which rewriting by double-pushout
makes sense. Formally, this is ensure by the existence of pushouts and pullbacks of monomorphisms
and certain interactions between them. (For more details we refer to the literature.) We are particularly
interested in the existence of pushouts in an adhesive category, and the uniqueness of pushouts when
they exist. These properties ensure the sound rewriting of subgraphs. Most standard categories of graphs
used for modelling string diagrams are adhesive.
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2.2 Boundaries of Graphs

In the double-pushout rewriting formalism, the importance of the notion of boundary of a graph be-
comes apparent. A rewrite rule itself is well formed only if both subgraph have the same boundary, and
inserting a subgraph into a context graph is possible only if the boundaries of the hole and the subgraph
coincide. Boundary information in a graph G is represented by an injective graph morphism from the
boundary graph B to G. The double-pushout construction relies on the boundary graph to guide the
rewrite operation in order to compute a sound result.

Depending on the concrete category of graphs, the information constituting graph’s boundary may
differ. In this work we address with a whole class of categories, where we abstract over the concrete
representation of boundary. For this, we will start from the notion of a PRO, a specific kind of monoidal
category which we can interpret as general notion of graph structure. From a PRO we can derive the
corresponding notion of boundary.

Definition 1. A PRO [27] (“product category”) is a strict monoidal category whose objects are natural
numbers, and whose tensor product (on objects) is given by addition. A morphism of PROs is a strict
monoidal functor which is the identity on objects.

A morphism m — n in a PRO may be interpreted as a graph with n inputs and m outputs, with the ten-
sor product being parallel composition of graphs. This notion of graph is the basis for our construction.
Any graph defined in this way comes with a built-in notion of boundary with its domain and codomain.
Definition 2 (Graph Boundary). The boundary of a graph G : m — n is defined as: d(G) =domG xcodG.

In addition to the objects of the corresponding PRO as the notion of boundary of a graph (i.e. a pair
of natural numbers), we are interested in certain graphs themselves, encoding boundary information. The
graph B in a DPO diagram is one such example. It contains the interface information of subgraphs and
context graph, but nothing else. We define a boundary graph as the smallest graph for a given boundary.
Definition 3 (Boundary Graph). Given a PRO P. For each pair of objects m,n € Ob(P), we define their
boundary graph as a P-morphism G, : m — n such that for any other P-morphism of the same type
G : m — n, there exists a morphism Gy — G of PROs.

Lemma 1. A boundary graph Gy(m,n) is unique for its boundary m,n € Ob(P).
Lemma 2. Given a boundary graph Gy(m,n), we have (Gyod)(Ggy(m,n)) =G,(m,n).

We now define the class of graph categories that we work with for the rest of the paper. We define
this category for any given PRO, ensuring that we can always compute the boundary for any graph.
Definition 4 (Category of Graphs). Given a PRO P, we define the category of graphs with boundaries,
G(P), as follows:

* Objects are P-morphisms G : m — n.

* Morphisms G — G’ are morphisms of PROs, preserving the boundary structure by definition.

In the following, we are interested in those categories G (P) which are adhesive, meaning that double-

pushout rewriting is well defined and has similar properties to the category Set. Additionally, we require
pushout complements to exist in the category G(P). Therefore, in the following, we assume these two
properties on G(P), enabling access to rewriting by double pushout as well as the graphs and morphisms
involved in a DPO diagram.
Remark 2. We introduce a drawing convention for graphs with boundaries, independent of the concrete
category specification. As shown in Figure [3] we draw graphs as structures with vertices and a box
around them, indicating their boundary. The box contains the graph only, with the edges crossing the
border forming the interface of the graph. The actual information in a boundary graph depends on the
specific instance; as we work at the meta level and as we use illustrations for explanatory purposes, this
representation is sufficient.
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Figure 3: Illustration of a graph with boundary, independent of the concrete category instance.

2.3 Example Graph Instances

In this section We explain some examples of graph categories which are relevant as combinatorial repre-
sentation of string diagrams. All of them form instances of the category of graphs G(P).

Directed Graphs Directed graphs are the most straightforward example of a graph category. With
some careful constructing, they are a good candidate for representing morphisms in monoidal categories.
A directed graph consists of a set of edges E and vertices V, together with source and target map for
every edge, s,7: E — V. Directed graphs and their homomorphisms form a category, called Graph. This
category fits into our framework as rewriting is well defined:

Lemma 3. [29]] The category of graphs Graph is adhesive.

As graphs are always closed (i.e. s and ¢ are total function), the incorporation of boundary informa-
tion requires a workaround. Typically, graphs with interfaces [[17, 23] contain special kinds of vertices
representing their interface connections. Any of these vertices have a single edge attached to them. A
boundary graph in the category Graph consists of a set of interface vertices, as shown in Figure {a]

Proposition 1. Directed graphs are graphs with boundaries in the sense of Definition d Given two
natural numbers m,n € N, a graph G : m — n consists of a set of edges E, a set of internal vertices V,
and sets of external vertices 1,0, together with a source function s: E -V +1 and a target function
t:E -V +0. Further, we have |I| =m and |O| = n. Sequential composition of graphs G and G' is well
defined if Og = Iy and results in a graph G3H withV =V +Vy, I =1, O = Oy, E = Eg+ Ey [ ~ where
e ~ e whenevert(e) = s(e'). The source and target functions of G 3H are defined as:

_|sc(e) eeEg _|tu(e) ecEy
sai (€) = {sH(e) else fasn (€) = {tc(e) else

The tensor product of two graphs, G® H, is defined as parallel composition: E =Eg+Eg, V =Vg+Vy,
I=Ig+1y, O=0G+O0py, s=sGg+5y, t =tg+ty.
A boundary graph Gy : m — n consists of the two sets of external vertices 1,0 only.

Graphs are commonly used as combinatorial representation of string diagrams, for example in the
underlying definition in tools like PyXZ [23] for reasoning with zx-diagrams and Quantomatic [25]] for
automated graph rewriting.

Hypergraphs An alternative representation of string diagrams are hypergraphs. A hypergraph consists
of a set of vertices V and a set of hyperedges E : List V — List V. Wires of a string diagram (correspond-
ing to objects in the monoidal category) are translated to vertices of the hypergraph, and boxes (i.e.
morphisms in the category) are represented as hyperedges.

Hypergraphs form a category HGraph for which rewriting is well defined:

Lemma 4. [16] The category of hypergraphs HGraph is adhesive.
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(a) Special vertices define a graph’s boundary. (b) The boundary of a hypergraph is a set of vertices.

Figure 4: The boundary structures of different types of graphs.

In their representation as hypergraphs, inputs and outputs of a string diagram are represented as a
vertex. Therefore, the discrete graph consisting of vertices only serves as the notion of boundary graph,
as shown in Figure[b] Hypergraphs with boundaries have been studied in various lines of research [6, 7]
and serve as the underlying data structure for the interactive theorem prover Chyp [26] for reasoning with
symmetric monoidal categories.

Surface-Embedded Graphs Of particular interest to us are surface-embedded graphs which serve as
a presentation of a certain class of string diagrams [2} [1]. Specifically, plane graphs encode diagrams
for non-symmetric monoidal categories, encoding theories with a non-trivial topology e.g. quantum
circuits [11]. We represent surface-embedded graphs as rotation systems: Each vertex is equipped with
an ordering of its incident edges. This combinatorial data uniquely determines the topological embedding
of the graph into a surface [20, [14].

To encode the inputs and outputs of a diagram, every surface-embedded graph is equipped with a
special boundary vertex. Similar to the interface vertices for graphs, this is an auxiliary element in the
graph, but here we only consider a single boundary vertex at the interface. All input and output edges of
a graph are connected to this boundary vertex, illustrated in Figure [Sa] This structure enables us to add
embedding information to the interface edges to a graph, in form of a rotation at its boundary vertices.
With a single vertex representing a graph’s boundary we can ensures the preservation of the topology of
a graph embedding when rewriting.

9G
° BG B.G
L]
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[ ]
(a) Boundary vertex of a surface-embedded graph. (b) Structure of the boundary graph.

Figure 5: The boundary structure of surface-embedded graphs.

Additionally, boundary vertices serve as auxiliary structure for specific regions of the surface-embedded
graph. This may be the outside region, representing the graphs inputs and outputs, but we also use these
special vertices to stand for any hole in a graph. For holes, the vertices are called dual boundary vertices
d. When inserting a subgraph into a hole, the structure of boundary and dual boundary vertices ensures
the preservation of the rotation system and thus the surface embedding.

Boundary graphs in this category consists of two boundary vertices, d and o, connected by a number
of edges. The rotation at these vertices contain as many edges as the graph has inputs and outputs, 7+ m.
Mapping this boundary structure onto a graph consists of replacing the vertex d by a graph G while
keeping the boundary vertex o and all edges attached to it unchanged. To insert a graph into a hole,
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we replace the boundary vertex which stands for the hole with a subgraph. Therefore, morphisms in the
category of rotation systems have a partial vertex component [2]]:

* Objects in the category of rotation systems Reot are total graphs (in which every edge is connected
to a vertex) where for each vertex a cyclic list of edges is stored.

* Morphisms are graph morphisms with a partial vertex component. Crucially, if a morphisms is
defined on a vertex, it has to preserve the order of edges around it. (For details, we refer to our
previous work.) Further conditions define the notion of graph embedding.

The category of rotation systems is not adhesive (as the notion of monomorphisms is not useful for
encoding graph embeddings), but we have shown that for specific kinds of spans, pushouts and pushout
complements exist. These spans provide enough structure to express graph reasoning via an equational
theory. In a partitioning span, one leg indicates the subgraph and one leg the hole into which we insert
it. An example is shown in Figure [§] Crucially, all edges are always connected at both of their ends,
ensuring the surface properties when rewriting.

D = [

Figure 6: Example of a partitioning span.

Definition 5. A partitioning span is a span L L B — Cin Rot, where B is a boundary graph, the vertex
component ly is defined on 0 and undefined on 0 and, dually, ¢y is undefined on o and defined on 0.
Further, we require / and ¢ to be embeddings.

Partitioning spans capture precisely the situations in which we can perform a rewrite operation. We
have shown that the category Rot rewriting of partitioning spans produces well formed results. These
adhesive properties are enough for the category of rotation systems to fit into our framework of graph
pattern matching.

Lemma 5. [2] In the category of rotation systems R, pushouts of partitioning spans exist and pushout
complements exist and are unique (up to scalars).

3 Graphs as Multicategories

Typically, categories of graphs are built from a number of generators together with operations to compose
graphs in sequence or in parallel, according to the structure of the monoidal category whose diagrams
they represent. Derived from these operations is a notion of graph substitution, for example as a pushout.
We now change perspective and define a framework in which graph substitution is a primitive operation.
This framework consists of multicategories whose arrows take multiple input objects to a single output
object. We will show that our definition of substitution for graphs can be used as the central operation of
a multicategory. In the context of diagrammatic languages, multicategories are convenient structures to
talk about the layout of a diagram and precisely specify the relation between subdiagrams.

Remark 3. Multicategories are also known as coloured operads, or sometimes merely operads. We prefer
the term multicategory to remain consistent when we consider the opposite construction in Section 4}
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The multicategory which we will define here is inspired by the following two examples:

Example 1 (The Little Disks Operad [32, 5, 31]]). In surface embedded graphs, every part of the graph
takes up some of the surface the graph is embedded in. Gluing together the faces of the graph embedding
forms the entire surface. A similar topological motive is the basis of the Little Disks Operad: This operad
specifies the layout of a finite number of disjoint closed disks inside a larger disk. The objects are disks,
with an n-ary map defining the spatial arrangement of n small disks inside a larger disk.

Example 2 (The Operad of Wiring Diagrams [38]). David Spivak’s Wiring Diagrams Operad is an
important inspiration for this work. This operad defines wiring diagrams which are formed from nodes
and edges, together with special vertices called stars. Composition of wiring diagrams is defined by the
substitution of a diagram for a star of the same type inside a larger one. We will have a similar notion
of graph variables (and later, pattern variables) in our framework which define the positions in a graph
where we can insert a subgraph.

Definition 6. A small multicategory C consists of:
* aset of objects (or colours) Cy;
o foreachneN, and ay,...,a,,a € Cy of objects, a set of maps C(ay,...,a,;a);
o for each a in Cy an identity map id, € C(a;a)

 for each n,kq,...,k, €N, and each a, ai,a{ € Cy a composition function

C(ai,...,an;a) xC(ai,...,a’f‘;al)x---xC(a,ll,...,afz";an) —>C(ai,...,alf‘,...,a,ll,...,a],‘l";a)

satisfying unit and associativity laws that we will not reproduce here but refer to the literature [31]].

By default, composition of multicategories is defined for all inputs ay,...,a, at once, but we can
express composition at one input by using the identity map on all other inputs (illustrated in Figure[T3).
For simplicity, we will use indexed composition as the default version. We do not lose generality by
doing so as we consider the subgraphs as inputs to a multicategory map to be disjoint.

3.1 The Multicategory of Surface-Embedded Graphs and Substitution

We define a multicategory whose objects are boundaries of graphs and whose morphisms are graphs with
boundaries. A graph may contain multiple holes, whose types serve as inputs of the multicategory map.
We call the inputs graph variables. The output type is the boundary of the overall graph. Composition of
maps is given by the substitution of one graph H into the hole of another graph G, defined as an instance
of DPO rewriting along the interface of H and the corresponding hole in G.

Proposition 2. A category of graphs G(P) forms a multicategory as follows:

» The objects are pairs of objects in P, i.e. pairs of natural numbers, representing boundaries of
graphs. We call the objects graph variables.

e An n-ary map Ty, ..., T, = Tg is a graph G in the category G(P) of type d(G) = T, containing
subgraphs of the input types, i.e. there are G(P)-morphisms Gy(Ty) — G,...,Gy(T,) - G.

* Composition Ho; G of maps G:Ty,...,T, - Tg and H : S1,...,Sx — T; is defined as the pushout
of H < Gy(T;) — G in the category G(P). This calculates the substitution of H for the subgraph
Gy(T;) in G. The result is of type:

HOiGZ T],...,E_],Sl,...,Sk,Y}_,_],...,Tn - TG.
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o The identity map Tg — Tg is the boundary graph Gy (T1).

Proof. Recall that we are assuming G(P) to be adhesive and that pushout complements exist. Since
pushouts are associative in adhesive categories [4], composition in this multicategory is associative, too.
Given an object 7 in the multicategory, the pushout of a cospan G < G,(T) - G,(T), where the right
leg is the identity morphism on G, (T), is just the object G (correspondingly for the left leg.) Thus, the
identity morphisms is the unit of composition in the multicategory. O

Figure [/al illustrates graph composition by pushout schematically and Figure [/b| shows a concrete
example of the operation where both graphs G and H have one input variable.

-

(a) Composition H o G. (b) Composition of G:R— T and H : § — R along G,(R).

Figure 7: Operad composition corresponds to substitution of graphs by pushout.

Remark 4. We note the analogy of the composition operation with pushouts of partitioning spans in
surface-embedded graphs in Section[2.3] One side of the span specifies a subgraph (here, Gy - H) and
the other one marks the hole in a context graph (G — G). In the case of surface-embedded graphs, the
multicategory definition exposes another property: the inputs to an morphism define the types of the dual
boundary vertices in a graph (standing for holes) and the output has the type of its boundary vertex.

4 Graph Patterns

The multicategory picture of graphs implements the fact that a graph can be described as an arrangement
of smaller graphs. A map in the multicategory take the types of the smaller graphs as inputs and specifies
how they are connected with each other to build a larger graph. We now look at the opposite picture and
instantiate a framework for splitting an overall structure into smaller pieces for graphs. A morphism in
a co-multicategory takes one input argument and produces multiple outputs. We argue that the opposite
structure to the multicategory of graphs defines a co-multicategory of graph patterns.

4.1 The Co-Multicategory of Patterns and Substitution

Proposition 3. A category of graphs G(P) forms a co-multicategory as follows:
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o The objects are pairs of objects of P, i.e. pairs (n,m) € NxN. We think of objects as representing
pattern variables.

* An n-ary map Tp » Ti,...,T, is a graph P in the category G(P) with boundary d(P) = Tp and
containing subgraphs of the output types, i.e. there are G(P)-morphisms Gy(Ty) - P,...,GyT, —>
P. We call such an n-ary map a graph pattern.

* Composition Q o; P of two patterns P and Q corresponds to the substitution of P for the pattern
variable T; in Q, calculated by the pushout P < Gy(T;) - Q in G(P). We think of this composition
operation as pattern refinement.

* The identity pattern Tp — Tp is the corresponding boundary graph Gy(Tp).
Proof. For the same reasons as in Proposition [2] this defines a co-multicategory. O

Patterns contain the same information as graphs, but the flow of this information is different. Graphs
combine multiple elements of types 7; into one larger structure of type T, whereas patterns take an
overall structure of type Tp and return multiple substructures of types 7;. Thus, patterns can extract
certain subregions from a larger graph. Composition in the co-multicategory describes the refinement of
patterns: one of the pattern variables is instantiated with another pattern, thus overall the pattern becomes
more specific. Patterns themselves do not reduce, we can only refine them by composition. To reduce a
pattern, we need to apply it to a graph. As both graphs and patterns are defined as morphisms in G(P),
we can study their interaction in the underlying category.

Remark 5. Note that the underlying category G(P) is used as language for both graphs and patterns. This
is in contrast to most term languages, which distinguish between a pattern and an expression language.
This is a conscious choice as graphical calculi like quantum circuits encode control flow as part of their
data. For example, in the ZX-calculus [[10]], conditional application is encoded by control operations.
Another example comes from the context of reversible programming: in the programming language
Theseus [22]], matching on a function application (fg) on the left hand side of a definition corresponds
to applying the inverse of the function £~ to the right hand side.

5 Graph Pattern Matching

We now describe the operation of pattern matching for graphs in two steps: First, we specify what we
mean by a graph matching a pattern. Afterwards we show how to calculate the pattern match operation,
resulting in subgraphs instantiating the pattern’s variables. We use the fact that graphs and patterns both
live in the category G(P)and define all relevant structures as morphisms in this category. We start by
specifying what we mean by a match of a graph against a pattern.

-+
R
B B

Figure 8: Example of a match of a graph G: S — T against a pattern P: T — R.
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Definition 7. Given a graph G:Sy,...,5; = T and a pattern P: T — Ry,...,R,, a match is given by a
composite of G(P)-morphisms, m:Gy(R;)®...9 Gy(R,) - P — G. A match fails, if no such morphism
m exists.

Figure[9a] depicts the schema of a match and Figure 8] shows a concrete example.

Mapping a pattern onto a graph identifies the elements which both structures share. All vertices and
edges in the pattern have to be mapped to the same elements in the graph, as all morphisms in G(P)
are injections. In addition to these shared parts between pattern and graph, a graph may contain more
elements. These are the components which are going to be exposed by a pattern matching operation.

foy - £ 4

J J
-6 E-EY

(a) Given a match Gy - P - G, (b) calculate the match of G against P.

Figure 9: Schema of calculating a pattern match by taking the pushout complement of a match.

A match has exactly the structure of one side of a pushout square in the category G(P). To expose
the subgraphs encoded by variables in the pattern and thus calculate the pattern match, we calculate the
pushout complement of the match.

Definition 8. Given a graph G, a pattern P, and a match m : P - G. The pushout complement of the
composite Gy — P — G is performing the pattern match of G against P which we write as G x P.

The pattern match returns the subgraphs of G that instantiate the pattern’s variables, i.e. replacing
the pattern’s holes vertices in the match m.

Lemma 6. Given a match m: P — G, the calculation of the result of the pattern matching operation
always exists and is unique.

Proof. As we assume the existence of pushout complements for the category G(P), the uniqueness
comes from the adhesive property of the category. O

Figure 10: A concrete example of a pattern matching operation: Given the match from Figure (8} the
result of the pattern match is a graph Gx P: S - R.

Example 3. The identity morphism G, : T — Tg represents the wildcard pattern, matched by any graph.
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Surface-Embedded Graphs As surface-embedded graphs are only adhesive in certain cases, some of
the constructions for patterns and pattern matching require some care. For example, in the definition of
a match, we require that the composite Gy — P — G has the structure of a boundary embedding which
is the corresponding structure to a partitioning span for calculating pushout complements. This is due to
the fact that pushout complements are only defined for this kind of composite.

Definition 9. A boundary embedding is a pair of maps Gy LL™ Gin G, where G, is a boundary
graph, and where: (i) Iy (9) is defined on the boundary vertex but Iy () is undefined on the dual boundary
vertex; and (ii) (my oly)(0) is undefined on the boundary vertex. Further, L has to be a connected graph,
and m an embedding.

A boundary embedding forms one corner of a pushout square. The other corner of such a diagram
is specified as an opposite boundary embedding: it is a composite Gy — C — G in which the morphisms
have exchanged properties to a boundary embedding. As interface edges have to be ordered for surface-
embedded graphs, we can prove that there is at most one match of a graph against a pattern.

Lemma 7. In Rot, if a match m: P — G exists, it is unique for a pattern P and a graph G.

Proof. As the boundary graph in the definition of a match (Definition [/) is a tensor product, we assume
that P has one output variable B without loss of generality. We assume a match m: P - G. The pattern
P:9(G) - d(B) is a plane graph containing vertices d(G) as its boundary and d(B). Similarly, the
graph G: d(A) - 9(G) is a plane graph which contains vertices d(A) and d(G). First, we observe that
because m is part of an opposite boundary embedding, it is defined on all vertices v € V(P) except the
dual boundary vertex d(B). Second, by the definition of morphism in Rot, m has to preserve the rotations
of all the vertices it is defined on. Thus, a match only exists, if all rotations in P and G coincide. O

6 Applications

As an application of our pattern matching framework, we consider work on an equational theory for
controlled quantum circuits [21]]. This theory consists of a number of circuit equations for which we
imagine a rewrite function replacing the left hand side of an equation with the right hand side inside a
bigger diagram. These rules are polymorphic, as we can call them on any circuit matching their structure.
Executing a rewrite rule means matching a concrete circuit against the pattern provided in the rule, thus
instantiating the pattern variables with subcircuits. Figure [[T|shows an example rewrite rule.

o e

Figure 11: One of the equations on control in quantum circuits, presented as a rewrite rule.

The diagram on the left hand side can be represented as a pattern (2,2) - (1,1) ® (1, 1) with pattern
variables f and g. When the rewrite function is called on a concrete circuit, f and g are instantiated with
subcircuits. The result of the rewrite is calculated by the substitution of f g with the concrete subcircuits
in the right-hand side of the rule.

Another example application for our language are global rewrite rules, such as phase teleportation
in quantum circuits using the ZX-calculus [24]. This work introduces global rewrite rules which reduce
the number of T-gates in a circuit. While the T-gate locations are specified globally, the rule remains
polymorphic with respect to the subcircuits positioned in between them. We can describe the structure
of this rewrite rule as a pattern, with pattern variables standing for subcircuits.
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A Supplementary Material for Section []]

Patterns provide a polymorphic way of specifying multiple terms of algebraic types that share a simi-
lar structure. They consist of metavariables (called pattern variables) and constructors of the relevant
type. Pattern variables represent any term, but the positioning of a constructor within the pattern a is
fixed information. A pattern may consist of a single constructor or a sequence of multiple constructor
applications, e.g. two applications of the cons constructor for lists describing any list with at least two
elements.

A.1 Haskell Example

Figure [I2] shows the implementation of the data type of lists in Haskell, together with two functions on
lists. isEmpty checks whether a list contains any elements and sum adds all elements of a list. Both
functions are defined by list patterns on their left hand side with each containing a base case using the
empty list pattern []. In addition, the sum function provides a case for non-empty lists, defined by a
pattern containing the pattern variables x and xs and one call to the cons constructor (:).

data List a = [] | a : List a sum :: Num a => List a -> a
sum [J =0

isEmpty : [a] -> Bool sum (x : xs) = X + sum Xxs

isEmpty [] = True

isEmpty _ = False s =sum (26 : 18 : 7 : 12 : [1)

Figure 12: The data type of lists and example operations on lists, in Haskell.

The last line in In Figure 12| shows an example of a function call to the sum function on the concrete
list 26:18:7:12: [1. The input list contains the (:) constructor, therefore it matches the pattern x: xs
in the second case. Subsequently, the pattern matching operation maps the structure _: _ specified in the
pattern onto the concrete term and instantiates the pattern variables x and xs with concrete values: x with
the numeral value 26 from the head of the list and xs with the tail list 18:7:12: []. On the right hand
side of the function, these two values can now be substituted for the pattern variables in the function
implementation: 26 is used as the summand and the tail list as argument of the recursive call to sum.
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B Supplementary Material for Section 3]

Composition of multicategories is typically defined for all inputs ay,...,a, at once, but we can express
composition at one input by using the identity map on all other inputs:

(e2%)

Figure 13: Schema of indexed multicategory composition C(ay,...,a,;a) 0;C(a},...,d%a;).
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