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Abstracting away details in order to reason in terms of explanatory high-level concepts, and often
while respecting causal structure, is a hallmark of both human cognition and scientific practice. This
intuition has been made precise through notions of causal abstraction, pioneered over the past decade
in a number of works [6, 29, 3, 2, 25, 11], based on the causal model framework [26]. Roughly, a
‘high-level’ causal model H stands in a causal abstraction relation to a ‘low-level’ one I when there
is an abstraction map 7 from low to high-level variables and a relation between interventions at
each level such that they are are causally consistent with respect to each other.

Causal abstraction is receiving increasing foundational and practical attention within a broad
range of fields from Al to philosophy. It is key to causal identifiability problems in which causal
hypotheses lie at a different level from empirical data (with examples ranging from brain data to
weather phenomena) [5, 6, 34, 17]; it has been argued to be central to mechanistic interpretability
[11] and to provide a gold standard form of explainable AI via abstractions from a low-level model
such as a neural network to a high-level interpretable one [13, 12, 16, 14, 1, 33, 15, 32, 28]; and it
is applied in a range of approaches to causal representation learning [30], in which AT models learn
causal relations directly from low-level data [4, 36, 19, 35, 20, 21].

A language for abstraction. Despite forming a basic and essential notion for science, there is
as yet no unified formalism for causal abstraction, or any consensus as to which of many closely
related notions are appropriate in a given situation.

A categorical approach to formalising abstraction is ideal for both key aspects: one, capturing
the structure of an individual model, through monoidal categories and string diagrams [27], and two,
describing structural relationships between models, through functors and natural transformations
[24]. For the first aspect, the ACT community has already developed a fully string diagrammatic
account of both probability theory [9, 7] and the causal model framework [18, 22, 10]. More broadly,
a wide range of AI models have been described as more general compositional models i.e. functors
from structure to semantics [31].

In this work we provide such a general formalisation of abstraction, with causal abstractions
as a special case. We find that in their essence abstractions are natural transformations between
compositional models equipped with given sets of queries.

That is, we consider a model M to give semantics [—]y in a terminal SMC or Markov category
C to a monoidal signature @ whose generating objects we call types and morphisms we call queries.
An abstraction from a low-level model L to a high-level model H, is then a family of morphisms 7x
into high-level types X from associated low-level types 7(X), and a relation sending each high-level
query (g to at least one low-level query )1, where naturality amounts to the consistency condition,
read bottom to top:




A classic case is a constructive causal abstraction from a low-level causal model L to a high-
level causal model H, which requires consistency between Do-interventions Do(w(S)) and Do(S) at
each level. We express this diagrammatically via a convention where bent wires denote intervened
variables:!
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Contributions. In this work we present this unified formalisation of (causal) abstractions as
natural transformations, in string diagrammatic language. In more detail, we:

e Give a general categorical definition of abstraction, showing that this covers many existing forms
of causal abstraction, such as constructive abstraction [3], exact transformations [29], and ‘Q — 7-
consistency’ or ‘counterfactual abstractions’ [34], and leading us to a new precise definition of
‘distributed’ abstractions [11, 15], with each expressed in natural string diagrams (see Figure 1);

e Identify two basic related forms of abstraction, upward and downward, finding that while usually
presented concretely as the former, the structural essence often lies in the latter, which are simply
a functor m: Qg — Qr between queries and a natural transformation 7: [~ om = [—]m;

e Introduce richer component-level (downward) abstractions, in which the functor m on queries
extends to the level of model components (e.g. causal mechanisms), and use this to define a
new stronger notion of mechanism-level constructive causal abstraction, which we characterise
mathematically;

e By generalising from causal to compositional models, extend abstraction to quantum composi-
tional models based on circuits, taking first steps in applying quantum-classical abstractions for
interpretable quantum Al

Figure 1: Abstraction conditions for (a) interchange interventions; (b) counterfactual queries.

Outlook. Overall, we hope to demonstrate that the ACT community has the potential to make
powerful contributions to the growing field of (causal) abstraction and its applications across the
sciences, thanks to the need for a formal perspective, the shared focus on structural relations, and
the maturity of categorical approaches to causality.

!The independent work [8] has also recently formalised a sub-class of constructive causal abstractions in terms of
naturality. We situate this within our framework in the full version of the article.
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