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We give a calculus of interacting processes and investigate its categorical structure. Our calculus is
parameterised by a multicategory .#, the morphisms of which we think of as non-interactive processes.
Our calculus augments these non-interactive processes with the ability to interact via a simple message-
passing mechanism. More concretely, our calculus consists of a collection T'(.#) of terms (Figure
together with a rewrite relation — on those terms generated by the rewrites of Figure 2] This rewrite
relation is confluent and terminating. Normal forms contain no let-bindings, establishing a sort of cut-
elimination result for the calculus. Moreover, terms of 7'(.#) form a virtual double category [.#] when
considered modulo the induced convertibility relation &, This virtual double category admits a functor
[-]:[-#] — U ((F(.#))) into the underlying virtual double category [ of the free cornering [2, 3] of
the free monoidal category [[I] of .#. A preprint is available [4].

The process-theoretic interpretation of the calculus is as follows: terms of the form [v] perform no
interaction, and represent the same process that v does in .. The term putR(v,7) represents the process
in which we perform v on some inputs, send the result out along the right boundary, and proceed as in
t. The term getR(x.t) represents the process in which we wait for some input along the right boundary,
and proceed as in ¢ once we have it. The left-facing terms are interpreted similarly. Finally, the term
let x1,..,x, J (t1 | -+ | 2,) in ¢’ is the process in which we perform the processes indicated by the #; and,
once they are all finished, use the resulting values as the input to the process ¢’. Crucially, the processes
indicated by the #; may interact as they are performed by exchanging resources along their left and right
boundaries via the get and put constructors.

We give a simple example demonstrating the way in which this calculus models process interaction.
Say . has objects including Pants, Shirt, Clothes, Pattern and Thread, and has morphisms including:

cut € ./ (Fabric;Pattern)  sew € ./ (Pattern, Thread; Shirt)  pack € ./ (Pants, Shirt; Clothes)

Then we obtain the following sequence of rewrites:

let x,y | (putR(cut(f),[p]) | getL(a.[sew(a,t)])) in [pack(x,y)]
tet x,y | ([p] | sew(a,1)][cut(f) /a]) in [pack(x,y)]

—let x,y | ([p] | [sew(cut(),)]) in [pack(x,y)]

— [pack(x,y)][p, sew(cut(f),1)/x,)]

= [pack(p,sew(cut(f),))]

,t

In this way, subterms of a message passing term may exchange resources during evaluation.
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A Simple Categorical Calculus of Interacting Processes

We indicate morphisms of .# using the sequent calculus notation (see e.g., [5]]), so that a

derivation of I' - v : A indicates a morphism of .# (I";A). In all of our derivations any context I" is

assumed not to contain any repeated variables. Terms of 7' (.#) are constructed as follows:

I'kFv:A (Fl’”—lii (Ul'—lvAhUi))?:l XA XAl (V,B,W)
——————— SE
TIFp]: (LA 2 Ty TolElet 1,00 4 (0| - | 1) in £ (UoV, B, U,W)
AlFt:(U,B,W) I'kv:A x:ATlFr:(U,B,W)
PUTR GETL
AT IF putR(v,t) : (U,B,A°W) Il getL(x.r) : (A°U,B,W)
x:Alkt: (U,B,W) 'Hv:A Al-t:(U,B,W)
GETR PUTL
'l getR(x.r) : (U,B,A*W) I AlF putl(v,7) : (A*U,B,W)

Figure 1: Term formation rules for 7' (.#).

[RO] let x1,..,x, 4 ([vi] |-+ | [va]) Int = t[vi,ee, Vi /X1, Xn)

[R1] let xy,..,x, ¢ (a| putR(v,z) | getL(y.s) | b)

[R2] let xq,...x, | (@| getR(y.t) | putL(v,s) | b)

[R3] let x1,..,x, | (putL(v,¢) | @) in r — putL(v,let x1,..,x, | (¢ | @) in r)
[R4] let xy,..,x, | (getL(y.r)

[R5] let x1,..,x, | (@ | putR(v,2)) in r — putR(v,let x1,..,x, | (@|¢) in r)
[R6] let xi,..,x, ¢ (a | getR(y.

[R7] putR(v, putL(w,1)) — putL(w, putR(v,?))

inr — let xi,..,x, . (@|t]|s[v/y]|b)inr

inr — let xi,..,x, . (@|tv/y]|s|b)inr
|a) in r — getlL(y.let xi,..,x, | (t]@) inr)
1)) inr — getR(y.let x1,...,x, | (@|t) inr)
[R8] putR(v,getL(x.t)) — getL(x.putR(v,¢)) when x does not occur in v
(

)
[RY] getR(x.putL(v,7)) — putL(v,getR(x.f)) when x does not occur in v
[R10] getR(x.getL(y.r)) — getL(y.getL(x.1))

Figure 2: Generating rewrites for —.
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