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We construct an adiabatic transport presheaf over the cubical singular complex of nuclear config-
uration space and prove that the projection is a cubical fibration if and only if the Berry curva-
ture vanishes, bridging Cartesian cubical homotopy theory and gauge connection flatness. The
cubical face map identities encode holonomy of the Berry connection, ruling out smooth parallel-
transport-based fibrant replacement when curvature is nonzero. Applying the algebraic small object
argument to a finite computational grid, we show that the resulting fibrant replacement recovers
spanning-tree diabatization—the standard algorithm in quantum chemistry—as a canonical, choice-
free construction from the model structure. The space of diabatization schemes is the flag manifold
FI(CY) = U(N)/U(1)Y, whose m, =2 ZN~! yields a discrete (Z/2)¥~! invariant classifying conical
intersection types on computational grids. We formulate quasi-diabatization as a variational princi-
ple with a topological lower bound on residual coupling, and identify the scope of this principle: it
is non-trivial for abstract discrete connections and for subspace tracking (M > N active states), but
trivially satisfied when the full eigenspace is tracked. Core algebraic properties are independently
certified in Cubical Agda.
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1 Introduction

In quantum chemistry, the Born-Oppenheimer approximation produces electronic states |y;(R)) that
depend parametrically on nuclear configuration R. These states form a vector bundle E — M equipped
with the Berry connection [}, 2], a U(N) gauge field whose holonomy encodes topological features
of the electronic structure. At conical intersections (Cls)—points where electronic energies become
degenerate—the connection has non-trivial holonomy and the adiabatic states become singular.

A diabatic representation is a smooth basis that removes these singularities: a gauge-fixing that triv-
ializes the connection. Many methods exist for constructing such bases—Boys localization [3]], block
diagonalization [4], regularization [3]], generalized Mulliken-Hush [6]—and they generally produce dif-
ferent results. This raises a natural categorical question: what is the space of all such gauge-fixings, and
how do different methods relate within it?

1.1 Contributions and Categorical Roadmap

We answer this question using the language of cubical fibrations, classifying spaces, and cubical homo-
topy theory. Our results are organized by six categorical ideas.

Fibrations and flatness. The fibration property (path-independent lifting) corresponds precisely to
flatness of the Berry connection (Theorem [2.4). We make this formal by constructing the adiabatic
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2 Adiabatic Transport as a Cubical Presheaf

transport presheaf </ (E, V) over the cubical singular complex of M, and proving that the projection map
is a cubical fibration if and only if the Berry curvature vanishes (Theorem [2.3). The proof reduces to the
classical Frobenius integrability theorem; the contribution is the cubical set construction that enables this
reduction.

Classifying space. The space of physically distinct diabatic representations is the flag manifold
FI(CY) = U(N)/U(1)" (Theorem . Each diabatization method corresponds to a point or subman-
ifold, and the topology of this classifying space—specifically m, = Z¥N~! (Corollary —detects ob-
structions invisible to single-state Berry phase analysis. (Here 7, is that of the classifying space FI(CV),
while the Berry phase is holonomy around loops in the base space M; the two invariants live on different
spaces.)

Holonomy as cubical coherence. We show (Theorem|[5.2)) that the abstract cubical face map identities,
when instantiated on the transport presheaf, encode the holonomy of the Berry connection. This rules out
any smooth parallel-transport-based fibrant replacement when F # 0 (Corollary [5.5)), resolving a natural
question about the relationship between Awodey’s fibrant replacement and the diabatization algorithm.

ASOA recovers the chemical algorithm. Applying the algebraic small object argument (ASOA) to
the transport presheaf on a finite grid, we obtain a canonical fibrant replacement whose transport for-
mula routes through three edges of each plaquette (Proposition [5.6). This is precisely spanning-tree
diabatization—the standard algorithm in quantum chemistry (Appendix [B)—recovered from pure ho-
motopy theory with no chemical input. The ASOA resolves the spanning-tree ambiguity (exponentially
many trees, one canonical resolution) and provides a categorical justification for a procedure that was
previously heuristic (Corollary [5.7).

Discrete multi-state invariant. The construction produces a concrete algorithmic output: a discrete
topological invariant v € (Z/2)N~1 (Theorem that classifies conical intersection configurations from
grid data. For N = 3, this invariant detects topological structure invisible to individual Berry phases or
to the scalar holonomy test ||W —I|| > €. The computational grid is natively a cubical complex, and the
invariant requires no smooth interpolation.

Quasi-diabatization as nearest fibration. When exact diabatization is impossible (F # 0), we formu-
late quasi-diabatization as the problem of finding the discrete connection closest to satisfying the cubical
fibration condition (Section [8). The resulting variational principle—minimizing the cubical defect, de-
rived from the face map identities of Theorem[5.2}—has a topological lower bound: the residual coupling
cannot vanish on any region enclosing a conical intersection with nonzero v. We identify the scope of
this principle precisely: it is non-trivial for abstract discrete connections and for subspace tracking, but
trivially satisfied for eigenvector-overlap connections from a complete eigenspace (Remark [8.2)).

Throughout, we distinguish carefully between what is proved and what remains open. The limits
of the homotopy-theoretic framework—the flag manifold is a gauge-theoretic, not homotopy-theoretic,
invariant—are discussed in Section Ol

2 The Adiabatic Transport Presheaf

We begin with the categorical construction that bridges abstract homotopy theory and gauge theory, as it
motivates the geometric results that follow.
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2.1 Background: Berry Connection and Holonomy

An N-state electronic system over a nuclear configuration space M determines a rank-N Hermitian vector
bundle 7 : E — M with the Berry connection V [1} 2, [7]. This is a U(N) gauge field with connection
1-form A;;(R) = i(yi(R)|Vr|y;(R)) and curvature F = dA+A AA. Parallel transport along a path y gives
a unitary map Py : Ey) — Ej1). The holonomy around a closed loop yis Wy = P, € U(Ey)).

Proposition 2.1 (Berry phase at conical intersections [[1, 18]). For a loop encircling a two-state conical
intersection once, Wy = —h 2. each state acquires a geometric phase of T.

2.2 Cubical Singular Complex

For any smooth manifold M, the cubical singular complex So(M) is the cubical set with n-cubes
So(M), =C=(I",M), (D

where I = [0, 1]. Face maps df : Sg(M), — So(M),— restrict to the face {x; = €} for € € {0,1}, and
degeneracy maps sy insert a constant direction. This is a standard construction: the cubical analogue of
the simplicial singular complex.

2.3 The Construction

Definition 2.2 (Adiabatic transport presheaf). Let (E,V) — M be a smooth Hermitian vector bundle with
unitary connection. The adiabatic transport presheaf <7 (E, V) is the cubical set with n-cubes

y={(0,8):0€C*(I",M), scI'(c7E), (6"V)ys=0forallk=1,...,n}, )

i.e., pairs of a smooth n-cube in M and a section of the pullback bundle that is covariantly constant
in every coordinate direction simultaneously. Face and degeneracy maps are induced by restriction and
insertion: if (0,s) € y, then restricting to the face {x; = €} gives ({0, 5|(x,—¢}) € Fp—1 since a section
parallel in n directions restricts to one parallel in the remaining n — 1 directions, inserting a constant
k-th coordinate gives (s;0,s0pr) € 2,4 since the added direction contributes Vs = 0 trivially. The
cubical identities are inherited from So(M).

The projection p : o7 (E,V) — So(M) forgets the section s. At low dimensions:
o o ={(x,v) :x € M,v € E,}—points of the total space E.

* ot ={(v,s) :v:1— M, Vys = 0}—parallel sections along paths. Each is determined by (y,v)
where v = 5(0) € E,(), via parallel transport.

e oh={(0,s):0:1> = M,V,s=0,V,s=0}—sections covariantly constant in both directions
over a square.

2.4 The Bridge Theorem

Theorem 2.3 (Adiabatic transport presheaf and fibrations). Let (E, V) be a smooth Hermitian vector bun-
dle with unitary connection and curvature 2-form F over a manifold M. The projection p : </ (E,V) —
So(M) satisfies:

1. (1-dimensional filling) For every pathy : I — M and every v € Ey ), there exists a unique (Y,s) €
<) with s(0) = v.
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2. (2-dimensional filling) For a smooth map o : I*> — M and any v € Es(0,0), a section s € I'(6*E)
satisfying s(0,0) = v and (6*V),,s = 0 for k = 1,2 exists for every such v if and only if 6*F = 0.

3. (Fibration characterization) The map p satisfies the open box filling condition for all n-dimensional
boxes if and only if F =0 on M.

Proof. (I)): Existence and uniqueness of s follow from the Picard-Lindel6f theorem applied to the ODE
Vs = 0 with initial condition s(0) = v.

(2): The system Vy s =0, Vy,5s = 0 is a system of first-order PDEs for s : I> — ¢*E. The Frobenius
integrability condition requires the commutator to vanish:

[Val,Vaz]S:F(G*al,c*ag)sz (G*F)S:(). 3)

If 6*F = 0, the system is integrable and a unique solution exists for any initial value s(0,0) = v (Frobe-
nius theorem). Conversely, if 6*F # 0 at some point xo € I2, then for any v € E5(0,0) Whose parallel
transport to xo does not lie in ker F (xyp)—a proper subspace when F(xp) 7 0—no solution exists on all
of I, (The zero section is always a solution; the point is that nonzero initial data generically yields no
global solution.)

(3): An open box in dimension n provides boundary data on all but one face of I”. Filling requires
extending to a section s on I" with V5 s = 0 for all k, matching this data.

(<) If F =0, the system V, s =0 for k = 1,...,n is integrable for every o, and a unique solution
exists given initial data s(c) = v at any corner ¢. The boundary data consists of parallel sections on
each face, sharing corner values. Since F = 0 makes parallel transport path-independent, the Frobenius
solution from any corner agrees with the boundary data on each face (both are determined by the same
corner value via path-independent transport).

(=) If F(x0) # 0 for some xq € M, choose & : I — M with 6*F # 0. The faces of the open box carry
nonzero parallel sections (existing by (I))). Any filler must simultaneously satisfy V5 s =0and Vy,s =0
while matching this boundary data, but by (2), for a generic choice of initial vector v ¢ ker F(xp), no
simultaneously parallel section with the prescribed boundary data exists over this o. Higher-dimensional
boxes reduce to the 2-dimensional case by restricting to 2-faces.

The mathematical content is the Frobenius integrability theorem; the contribution is Definition [2.2]
which translates the PDE condition into the cubical fibration property. O

In Awodey’s framework [9l], p is a biased fibration if it has the right lifting property against open box
inclusions (Definition 4.1, op. cit.); biased and unbiased fibration conditions coincide in the Cartesian
cubical model structure (Theorem 9.8, op. cit.), so our characterization extends to bothE]

Combining Theorem [2.3] with classical results yields:

Theorem 2.4 (Detection: fibrations, flatness, and diabatic bases). On a simply connected domain U C M,
the following are equivalent: (1) F =0 on U; (2) parallel transport is path-independent on U (Ambrose-
Singer [11]); (3) the adiabatic transport presheaf p : o/ — So(U) satisfies the open box filling condition
(Theorem[2.3)[3)); (4) a global smooth diabatic basis exists on U ([12]).

Condition (3) is the new content: it identifies the obstruction to diabatization with the failure of a
cubical presheaf to be a fibration.

IAwodey shows [ p. 5] that the purely Cartesian cubical model structure is not Quillen equivalent to spaces; adding
an equivariance condition restores the equivalence [10]. Our 7, computations use classical homotopy theory; the cubical
framework provides the formal bridge.
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3 The Flag Manifold Classification

We now classify the space of all diabatic representations—the gauge-fixings that trivialize the Berry
connection—and compute its homotopy type.

Definition 3.1 (Diabatic representation). A diabatic representation is an ordered orthonormal basis
{101),-..,108)} for Er, =2 CN at a reference configuration Ry, extended to a neighborhood by paral-
lel transport along a chosen system of paths from Ry (when F = 0, this extension is path-independent).
Two bases are physically equivalent if they differ by independent phases: |¢;) ~ €% |¢;).

Theorem 3.2 (Classification). The space of physically distinct diabatic representations for an N-state
system is the complete flag manifold:

FI(CY) = U(N)/U(1)N. 4)

Proof. Any two ordered orthonormal bases for CV are related by U € U(N). The physical equivalence
|§;) ~ €'%|¢;) identifies U with UD for any diagonal unitary D € U(1)". The quotient U(N)/U(1)" is the
complete flag manifold: a coset U - U(1)" determines the flag L; = span{Ue;,...,Ue;}, and conversely
a complete flag0 C L; C --- C Ly = CV determines a basis up to phases. 0

Corollary 3.3 (Topological invariants). The flag manifold satisfies 7t (F1(CN)) = 0 and m(FI(CV)) =
N1,

Proof. From the fibration U(1)Y — U(N) — FI(CV), the long exact sequence gives
m(U(N)) = m(FI(CY)) — o (U(1)Y) — 7 (U(N)).

Since m,(U(N)) = 0, we obtain 7 (F1(CV)) = ker(ZV 2N 7) = 7ZN=!, where X sends (ny,...,ny) > Y.n;.
Surjectivity of X yields 7; (FI(CY)) = 0. O

The significance of these invariants is that 7, = ZV~! detects topological structure invisible to single-
state Berry phase analysis. For N = 2, FI(C?) = CP' = §% and 7, = Z recovers the single Berry phase
invariant. For N > 3, the additional Z-summands detect independent obstructions arising from distinct
types of conical intersection.

N  FI(CN) dimg moX
2 S2=cCp! 2 Z 2
3 FI(CY) 6 7> 6
4 FI(CH 12 73 24

N F|(CY) N(N-1) ZN-! NI

Each diabatization method (parallel transport, Boys localization, block diagonalization, etc.) corre-
sponds to a point or submanifold of FI(CV); the assignment respects bundle isomorphisms: a connection-
preserving isomorphism (E,V) = (E’,V') induces, via the fiber map at the reference point, a diffeomor-
phism FI(CV) — F1(C") mapping each method’s locus to itself. The explicit mapping for the principal
methods in quantum chemistry, with a summary table, is given in Appendix

4 Three-State Systems and 7, Invariants

The flag manifold classification reveals new topological structure starting at N = 3, where m, = Z2
provides two independent invariants rather than the single Berry phase available for two-state systems.
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4.1 Physical Interpretation of (Z/2)?

Consider a three-state system with two types of conical intersection: CI;, (states 1 and 2 degenerate)
and CI,_3 (states 2 and 3 degenerate). The holonomy eigenphases 1,7, 73 (assigned to adiabatic states
by continuous tracking from a basepoint) satisfy y; + 9 + 73 = 0 (mod 27) (since each isolated CI
contributes —/ to a 2 x 2 block, giving detW, =[], e/ = 1). For isolated conical intersections, each ¥
is 0 or 7. Defining the Berry parity

bk:’)/k/ﬂmOdZEZ/Z, 5

the constraint becomes b + b, + b3 = 0 in Z/2, leaving two independent invariants. A convenient choice
of generators for (7/2)? is
Vi :bl, Vo = b + by mod 2. (6)

Each 7 /2-summand detects a different conical intersection type.

To relate this to 7 (F1(CV)) = ZN~1: the eigenphase invariant captures the mod-2 image of the full
ZN=1 Chern number classification, since both Chern numbers ¢, = +1 and ¢, = —1 produce the same
holonomy eigenvalue ¢/ = —1. For generic isolated Cls (topological charge 1), this mod-2 detection
is complete.

4.2 Numerical Verification

We verify the (Z/2)? structure using a three-state model Hamiltonian with two Cls at distinct locations
(Appendix [C). Computing holonomy eigenphases around three topologically distinct loops—enclosing
CI,_; alone (loop A), Cl,.3 alone (loop B), or both (loop C)—the group law v(C) = v(A) + v(B) holds
in (Z/2)?, with each CI type mapping to a different generator. State 2 acquires Berry parity by = 1
from each CI independently, so encircling both yields b, = 1+ 1 = 0 mod 2: the Berry phase of state 2
alone cannot distinguish the two-CI configuration from the trivial one, but the (Z/2)? invariant (v;, V) =
(1,1) # (0,0) does.

While the homotopy groups 7 (FI(CV)) are standard in algebraic topology, their interpretation as
invariants classifying multi-state conical intersection patterns—and the demonstration that (Z/2)N~!
resolves ambiguities invisible to individual Berry phases—appears to be new.

S Resolution of the Fibrant Replacement Problem

Having established the classifying space and its 7, invariants, we return to the fibrant replacement ques-
tion raised by Theorem when F # 0, what does the ASOA produce?

We originally conjectured (in an earlier version of this paper) that Awodey’s algebraic small ob-
ject argument, applied to p : &7 — Sp(M), would recover the parallel transport trivialization. We now
show this conjecture is false when F # 0, and that the obstruction is precisely the holonomy of the
connection—encoded, remarkably, in the cubical face map identities.

5.1 The Natural Candidate

The parallel transport trivialization suggests the following candidate for a fibrant replacement. Fix
a smooth n-cube ¢ : I" — M. Since every l-cube in .« is determined by its initial value (via the
ODE for parallel transport), the simplest enlargement of .27 that “fills all boxes” would be to drop the
simultaneous-integrability condition and track only the initial value:
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Definition 5.1 (Transport candidate). Let 0 = (0,...,0) € I". Define 7, = {(o,v): 0 € C*(I",M),v €
Eg0)} with face maps 92 (c,v) = (900, v), 9} (0,v) = (9} 0, Tou(v)), where Toy is parallel transport
from Egg) t0 Eg(g4e,) along t — o(0,...,t,...,0).

This definition is modeled on the diabatization algorithm: each n-cube carries an initial frame v at
the corner 0, propagated outward by parallel transport along coordinate directions.

5.2 The Holonomy Obstruction

Theorem 5.2 (Cubical identities encode holonomy). The transport candidate 7 of Definition[5.1]is a
cubical set if and only if F = Q.

Proof. The cubical identity 8]‘?85 = 8,?_18;? (for j < k) must hold for all face maps. Consider n = 2,
j=1,k=2,e=8=1,applied to (c,v) withc : I>? -+ M and v € E5(0,0)-

Left-hand side: 0} 9, (o, v). First, d; transports v along the left edge 1 — &(0,1), giving Tief (v) € Eg(o,1)-
Then 9] transports the result along the top edge t — o(t, 1), giving Tiop © Tien (V) € Eg(1,1)-

Right-hand side: ] 9 (o,v) (note: j =1,k =2 gives 8,65_1(9;” = 9 d]; the outer ] acts on the 2-cube,
the inner on the resulting 1-cube). First, 811 on the 2-cube transports v along the bottom edge ¢ — o (¢,0),
giving Thottom (V) € Eg(1,0)- Then d] (now acting on the resulting 1-cube) transports along the right edge
t+ o(1,1), giving Tright © Toottom (V) € Eg(1,1)-

The identity 9! 91 = 9! 9! requires
Yy 01 0; 19
Ttop © Teft = Tright © Thottom (N

for all smooth maps ¢ : I> — M and all v € E5(0,0)-

This is the statement that holonomy around every contractible loop in M is trivial: equivalently,
‘L'lgflt o Ttgg O Tright © Thottom around d (o (7 2)) (starting from E5(0,0)) equals the identity. By the Ambrose-
Singer theorem, this holds for all ¢ if and only if F = 0.

For the converse: when F = 0, all parallel transports commute in the required sense, all cubical identi-
ties hold, and .7 = &/ (every initial value extends uniquely to a simultaneously parallel section). The
remaining face map identities (those involving at least one € = 0 face) hold unconditionally, since 8,9
does not involve parallel transport. O

Remark 5.3. The result does not depend on the choice of corner 0 or the convention for coordinate-axis
paths. Any candidate of the form “track a fiber element at a corner, propagate by parallel transport
along chosen paths to define face maps” encounters the same obstruction: the cubical identity (7)) for
any pair of paths sharing endpoints encodes holonomy around the enclosed region.

Corollary 5.4 (Discrete holonomy obstruction). Let & be a finite grid with U(N)-valued overlap ma-
trices {U,}, and define the discrete transport candidate by assigning to each vertex k a fiber element
Vi € Ey, with face maps 90 (k,vy) = (k,v¢) and 9} (k,vy) = (K',U, - v}) for each edge e = (k,k'). This
candidate satisfies the cubical identities if and only if Wy = I for every plaquette f.

Proof. The identity d{ 0] = 99| at plaquette f requires Tiop © Tieft = Tright © Thottom, 1.€., Wy = 1. Con-
versely, Wy = I for all f implies all identities involving € = § = 1 faces hold; those with at least one
€ = 0 face hold unconditionally. O
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This is the self-contained discrete analogue of Theorem [5.2} no smooth theory or Ambrose-Singer is
needed; each plaquette is checked directly. The Cubical Agda formalization (Appendix [D) certifies
exactly this equivalence for Z/2-valued connections.

5.3 Consequences for Fibrant Replacement

Corollary 5.5. When F # O, the algebraic small object argument fibrant replacement o of p: < —
Sa(M) is not naturally isomorphic to any cubical set whose face maps are defined by parallel transport
along smooth paths. The ASOA necessarily introduces formal (non-geometric) fillers at dimension > 2.

Proof. The ASOA fibrant replacement 47 is a cubical set by construction (built by pushouts in cSet). By
Theorem[5.2] any cubical set whose face maps use parallel transport satisfies the cubical identities only
if F =0, in which case &/ is already fibrant and the ASOA is trivial. O

5.4 The Positive Content

While the conjecture is false, the analysis yields positive results. First, Theorem [5.2] reveals that the
cubical face map identities encode the holonomy conditions for the Berry connection: the cubical com-
binatorics does not merely translate the differential geometry—it is the differential geometry. Second,
when F = 0 on a simply connected domain, .7 = &/ and p is already a fibration. The ASOA returns .o/
itself: the parallel transport trivialization is the canonical fibrant replacement, answering the canonicity
question from the chemistry literature in the affirmative for the flat case. Third, the non-flat ASOA on a
finite grid recovers the standard chemical algorithm (Corollary [5.7] below).

5.5 The ASOA on a Finite Grid

We now apply the ASOA to the restricted map p|y : o/ |y — ¢, where ¢ is a finite cubical complex with
U(N) overlap matrices {U, } and plaquette holonomies Wy = [1,c4 Ue. This is distinct from restricting
the abstract ASOA fibrant replacement of p : &7 — Sp(M) to ¢4; however, for a 2-dimensional grid, ¢ has
no cells above dimension 2 and the ASOA terminates after that stage, making the finite construction self-
contained. The ASOA operates by dimension. At dimension 1, all open boxes are filled (edge transport
exists). At dimension 2, consider a plaquette f with edge transports 7, 71, Tg, Tr. For the open box
missing the top face with initial v € E,,, the three given faces are bottom, left, and right transport from v.
A filler needs a top 1-cube from 7, (v) to TgTz(v), but geometric transport gives Tr 7. (v) # TrTg(v) when
W #1.

Proposition 5.6 (ASOA transport formula). The ASOA resolves the open box by attaching a formal
2-cube whose top face implements transport ir : E,,, — E,,,:

tr = TRot807, | = Tr 0 Adg, (Wy), ®)

where Ady, (Wy) = 5 Wyt I The ASOA transport differs from geometric transport by the holonomy
conjugated to the source fiber.

Proof. The first equality is the definition: the filler maps 7. (v) — Tg7g(v). For the second, use Wy =
7, 't 1R Tp to get TrTp = Tr LWy, hence £y = T Wy, O
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The formula (8) has a striking consequence: the ASOA transport 27 = Tgo Tgo T, ! routes through
the three non-missing edges, which is exactly what a spanning-tree diabatization does when the missing
edge is the cut edge.

Corollary 5.7 (ASOA recovers spanning-tree diabatization). On a simply connected 2D grid, the ASOA
fibrant replacement o | produces, for each open box type (missing top, bottom, left, or right), a flat
connection whose gauge equivalence class coincides with the spanning-tree diabatization that cuts the
corresponding edge family. In particular, the ASOA canonically recovers the standard chemical algo-
rithm (Appendix B)) from the model structure, with no chemical input.

Proof. Proposition gives ir = TRrTpT, !, which is the parallel transport along the spanning tree that
includes bottom, left, and right edges and cuts the top. By Theorem [E.T| (Appendix [E)), the gauge class is
determined by {W/}, and both constructions produce the same gauge class. O

Spanning-tree diabatization, used in quantum chemistry since the 1990s [4] and motivated by physi-
cal reasoning, is recovered by the ASOA from the model structure on cubical sets [9]] with no chemical
input. The ASOA resolves the spanning-tree ambiguity: for a grid with |F| plaquettes, there are expo-
nentially many spanning trees but exactly one ASOA resolution per open box type.

On a simply connected 2D grid, the gauge equivalence class of o | is determined by the plaquette
holonomies {W} alone (Appendix , just as for any spanning-tree diabatization. However, the spe-
cific ASOA representative carries more: the correction Ad; (Wy) at each plaquette encodes how the
holonomy defect appears in the local gauge frame, and this gauge-covariant structure depends on the full
connection, not just {Wy} (Appendix[E} Eq. (20)).

The homotopy type of o | is trivial (the fibers E, =2 CV are contractible), confirming the sharp limit
of Section[9] The value lies in the algebraic structure: the number, location, and magnitude of formal
fillers encode the spatial pattern of Berry curvature on the grid.

Remark 5.8 (AWFS structure and initiality). The ASOA factorization <7 |4 Lo |l 4y 4 is an instance
of the algebraic weak factorization system (AWFS) of Garner [13]. The fibration side q carries algebra
structure: a functorial choice of filler for every open box. On our grid, this algebra structure is precisely
the ASOA transport formula (8)—a chosen filler Tr = TrTpT, U at each plaquette per box type.

The key categorical property is initiality: a |« is initial among fibrant replacements of </ |4 equipped
with chosen fillers. Any other such replacement receives a unique filler-preserving map from o |
(see [U3, Thm. 3.1]; the general framework is surveyed in [14, Ch. 12]). This is the precise sense of
“canonical”: not merely a particular choice, but the universal one—canonicity via a universal prop-
erty, as the fundamental groupoid is the universal monodromy target. The exponential spanning-tree
ambiguity is resolved because spanning-tree diabatizations produce fillers that are geometric but non-
canonical (tree-dependent), while the ASOA produces fillers that are equally concrete (Proposition
but canonically determined by the universal property.

The ASOA is also compatible with grid refinement. When 9 is subdivided into 9', each plaquette f of
¢ is partitioned into sub-plaquettes, and the holonomy factorizes: Wy =[]y Wy (up to conjugation).
Since the ASOA on a simply connected 2D grid is determined up to gauge by plaquette holonomies
(Theorem , the gauge class of 2 | is compatible with that of o l¢: the coarse gauge class is
determined by the coarse plaquette holonomies, which are products of the fine ones. This compatibility
underlies the O(h*) convergence noted in Section
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6 A Discrete Multi-State Topological Invariant

The m, = ZV~! classification (Section provides topological invariants for multi-state CI configurations.
We now show that the discrete holonomy obstruction (Corollary [5.4)) leads to an algorithm for computing
these invariants directly from grid data, extracting information the standard algorithm currently discards.

The standard topology check (Appendix B} Step 2) computes the plaquette holonomy Wy = [].cyU.
and flags f as enclosing a CI when ||W; —I|| > e—a binary test. But the eigenvalue structure of W,
tracked by state label, encodes the (Z/2)V~! type.

Definition 6.1 (Multi-state Berry numbers on a grid). Let ¥ be a closed loop in a grid ¢ with U(N )-valued
overlap matrices, bounding a simply connected region X. The holonomy Wy = [].c, U, has eigenvalues
e ... e"W, assigned to adiabatic states by tracking eigenvectors from a basepoint on y. The multi-state
Berry numbers are

V(E) = (vi,...,vww-1) € (Z/2N',  vi=by, Vvj=bi+---+b;mod 2, ©)

where by = Y /m mod 2 € Z/2.

Theorem 6.2 (Discrete CI classification). The multi-state Berry numbers satisfy: (a) gauge invariance
(eigenvalues of Wy are conjugation-invariant); (b) additivity across disjoint regions in (Z/ 2)V=1: (¢) the
map Vv realizes the mod-2 image of m(FI(CN)) &2 ZN=1, with generators e; corresponding to elementary
(j,j+1)-ClIs. For isolated ClIs of topological charge £1, v completely classifies the CI type.

Proof. Parts (a)—(b) follow from properties of the holonomy product (gauge invariance of eigenvalues;
multiplicativity of determinants for composed loops).

Part (c): On a loop ¥ = dX avoiding all degeneracies, the eigenvalues of the parameter-dependent
Hamiltonian are distinct, so the bundle splits smoothly as E|y = L; @ --- @ Ly away from the CI points
in X, where each Ly is the k-th eigenspace line bundle (see [11, Ch. 4]). The Berry connection restricts
to a U(1) connection on each L;, with holonomy eigenvalue e%. For an isolated CI of charge +1
between states j and j+1, the local normal form gives monodromy e'% = ¢%i+! = —1 (a & phase) with
all other eigenvalues equal to +1 [12]. Define the signed CI count c; € 7Z as the algebraic number of
CIs in X involving state k, with the Chern sign convention: each charge-+1 CI between states j, j+1
contributes +1 to ¢; and F1 to ¢j;1. Then % = e, (mod 27) (since e = ¢~ '™ = —1), so €% = ™%
and b, = ¢, mod 2. Since each CI contributes opposite signs to the two states involved, }; ¢x = 0, giving
c=(cy,...,cy) € ker(ZN — 7) =2 ZN~!, which maps to v under mod-2 reduction. When each pair
of adjacent states has at most one CI of charge 41, the entries satisfy |c;| < 1; since ¢ = e~'", the
holonomy eigenvalues cannot distinguish charge +1 from charge —1, and the mod-2 reduction loses no
holonomy-distinguishable information. O

Remark 6.3 (Higher-charge conical intersections). A charge-42 CI produces monodromy e*™ = 41,
giving by = 0: such CIs are invisible to the mod-2 invariant v. The full ZN=' Chern classification detects
them (¢, = £2), but requires smooth interpolation. In practice this is rarely a limitation: charge-£2
Cls are generically unstable under perturbation and split into pairs of charge-+1 Cls, which v detects
individually.

As demonstrated in Section 4] the scalar holonomy test ||W —I|| > € cannot distinguish a loop en-
circling two CIs (with v = (1, 1)) from one encircling a single CI ((1,0) or (0,1)); the (Z/2)? invariant
resolves this (Appendix [C).

The discrete setting is essential: computing Chern numbers smoothly requires interpolation, surface
choice, and gauge singularity handling. The discrete v avoids all three—overlap matrices are the primary
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data, grid plaquettes the canonical 2-cells, and eigenvalue extraction is gauge-invariant by construction.
Gauge invariance, additivity, and the fibration—flatness equivalence have been independently verified by
a Cubical Agda formalization of the Z/2 Berry parity model (Appendix @ The additional cost beyond
the standard algorithm is one N x N eigenvalue decomposition per loop.

7 The Cubical-Gauge Dictionary

We collect the correspondences established in Sections [2H6|into a single dictionary, and discuss what the
cubical formulation adds beyond recasting classical differential geometry.

7.1 The Complete Dictionary

Cubical type theory Berry connection Reference
Cubical set X Sing. complex S (M) Def.
Map p: & — So(M) Transport presheaf

Open box filling Frobenius integrability

p fibration & F =0 Flatness detection

Cubical face identities Holonomy triviality

Discrete face identities W = I for all plaquettes

Fibrant replacement Not parallel transport

ASOA on finite grid Spanning-tree diabatization

Discrete holonomy on grid Multi-state v € (Z/2)N~!

Nearest fibrant object Quasi-diabatization principle

All rows except the last correspond to results established above; the final row is the subject of Sec-
tion 8l

7.2 Computational Grids Are Natively Cubical

Diabatization algorithms operate on grids of nuclear configurations: a set of points {R;, . ;,} indexed
by multi-indices, with overlap matrices computed along grid edges. Such a grid is literally a finite
cubical complex ¢, and the overlap data defines a discrete connection on it. The algorithm’s holonomy
check—computing Wy = []eqees U around each elementary plaquette and testing ||W, —I|| < e—is the
discrete box-filling condition of Corollary [5.4} can a parallel section defined on three faces of a 2-cube
be extended to the fourth?

The cubical framework is therefore not an analogy imposed from outside. The computational ob-
jects are cubical sets, and the algorithm checks the fibration condition. Classical differential geometry
provides the continuous theory (F = 0 on smooth manifolds), but the computation happens on a finite cu-
bical complex where the relevant notions are combinatorial, not smooth. The adiabatic transport presheaf
o restricted to &4 — S(M) is the computational data itself.

As the grid spacing h — 0, ||Wy —I|| ~ O(h?): the discrete presheaf approaches a fibration, and the
per-plaquette deviation provides a principled adaptive mesh criterion near conical intersections.
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8 Quasi-Diabatization as Nearest Fibration

When F # 0, exact diabatization is impossible (Theorem [2.3). Practitioners use various “quasi-diabatic”
representations that approximately minimize derivative coupling [15]. The variational formulation is:
find the discrete connection closest to satisfying the cubical fibration condition.

Given a grid 4 = (V, &) with overlap matrices Uy € U(N), seek unitary transformations S; € U(N)
at each vertex minimizing the cubical defect:

AdSH =Y IS{UwSk — Iv|I7- (10)
(kK)e&

The transformed overlap U, ,f‘k, = S,f U Sy 1s the discrete connection in the candidate diabatic basis.

The cost function is not ad hoc: by Theorem @, mingg,3 A = 0 on a simply connected grid iff the
restricted presheaf <7 |¢ is fibrant. Minimizing A is seeking the nearest fibrant object to </ —the model-
categorical content that distinguishes this from classical group synchronization (same optimization, no
fibration interpretation).

Proposition 8.1 (Topological obstruction to quasi-diabatization). Let X be a simply connected region in
& with v(X) # 0. Then A* := mingg; A > 0.

Proof. If A* =0, then U,?k, = [ for all edges, so W]? = [ for all plaquettes f, giving v(X) = 0—a contra-
diction. O

On a simply connected grid, the following are equivalent: mingg,y A = 0; all plaquette holonomies
Wy = I; the ASOA adds no formal fillers (Section ; and v(X) = 0 for every simply connected X.
The cubical defect thus measures the same obstruction the ASOA resolves formally: minimizing A seeks
the gauge in which the fewest ASOA fillers are needed, while v certifies when this obstruction cannot
be eliminated. The chemistry consequence: no quasi-diabatization method can achieve zero residual
coupling on a region with v # 0, and unlike existing methods [3} 4} [16], the cubical defect is gauge-
invariant by construction and subject to this topological lower bound.

Remark 8.2 (Scope of the variational principle). When overlap matrices are Uy = VkTVkr with square
unitary Vi, € U(N), the gauge Sy = VkTVkO gives SZUkk/Sk/ = [ on every edge, so A =0 identically. This
does not invalidate the variational principle; it identifies its scope. The cubical defect is non-trivial for:
(a) abstract discrete U(N) connections on graphs (the paper’s formal setting); (b) subspace tracking,
where Vi, € CM*N with M > N is rectangular and VkaT # Iy—the standard multi-reference chemistry
setting (N = 2-10 states tracked within dimension M > N). The topological lower bound (Proposi-
tion[8.1) applies in both cases; Appendix[F|verifies both predictions on a 4-state model.

9 Conclusion

The adiabatic transport presheaf (Definition provides a cubical set construction whose fibration
property translates, via the Frobenius theorem, to vanishing of Berry curvature (Theorem [2.3). The
cubical face map identities encode holonomy (Theorem [5.2), ruling out smooth parallel-transport-based
fibrant replacement when F # 0 (Corollary [5.5).

These results yield four positive outputs. First, the ASOA fibrant replacement (Corollary[5.7)) canon-
ically recovers spanning-tree diabatization from the model structure, with no chemical input and one
canonical resolution per open box type. Second, discrete Berry numbers v € (Z/2)N~! (Theorem
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classify CI configurations from grid overlap data; this is validated on a model Hamiltonian (Appendix [C))
and on the D3 conical intersection in Hz from ab initio SA-CASSCF wavefunctions (Appendix [G).
Third, quasi-diabatization (Section |8) is formulated as seeking the nearest fibrant object, with a topolog-
ical lower bound from v; its scope is identified in Remark [8.2] and verified numerically in the subspace-
tracking regime (Appendix [F). Fourth, the space of diabatization schemes is the flag manifold FI(CY) =
U(N)/U(1)N (Theorem [3.2), with 7, = ZN~! detecting multi-state topological obstructions beyond the
classical Berry phase.

Appendix @] presents a Cubical Agda formalization certifying the algebraic foundations for Z/2-
valued connections, and discusses the relationship to CCHM cubical type theory [17]. A sharp limit:
the fibers E, = CV are contractible, so FI(C") cannot be recovered from Awodey’s classifying type—the
cubical framework captures connection-level structure, while gauge orbit classification enters through
differential geometry (Theorem [3.2)).
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A The Diabatization Problem: Context for Two Audiences

This appendix provides context for readers from either community: category theorists unfamiliar with
quantum chemistry, and chemists unfamiliar with cubical homotopy theory. It can be read independently
of the main text.

Why diabatization matters. Many processes in photochemistry—vision, photosynthesis, solar en-
ergy conversion, radiation damage to DNA—involve molecules passing through conical intersections,
points in nuclear configuration space where two electronic energy surfaces become degenerate. At these
points, the Born-Oppenheimer approximation breaks down and electrons can transition between energy
surfaces on femtosecond timescales, making non-adiabatic transitions the rule rather than the exception
in photochemistry. Simulating these processes requires solving the nuclear Schrédinger equation on
multiple coupled potential energy surfaces simultaneously. In the standard (adiabatic) representation,
the derivative couplings between surfaces diverge as 1/R at conical intersections, making numerical in-
tegration ill-conditioned or impossible. The diabatic representation replaces these singular couplings
with smooth off-diagonal potential energy terms, enabling stable numerical propagation. Finding such a
representation—the diabatization problem—is a prerequisite for essentially all multi-state quantum dy-
namics simulations, including trajectory surface hopping, multi-configurational time-dependent Hartree,
and variational multi-configurational Gaussian methods.

The problem, for mathematicians. In quantum chemistry, the Born-Oppenheimer approximation pro-
duces electronic states |y;(R)) that depend parametrically on the nuclear configuration R € M. These
states form a rank-N Hermitian vector bundle £ — M with a natural U(N) connection (the Berry con-
nection). The states are smooth away from conical intersections—codimension-2 submanifolds where
eigenvalues become degenerate and the eigenvector assignment is discontinuous.

Simulating nuclear dynamics requires the electronic Hamiltonian as a smooth matrix-valued func-
tion of R. In the eigenbasis (adiabatic representation), this matrix is diagonal but has singular derivative
couplings (y;|Vg|y;) near conical intersections. A diabatic representation is a different basis—a gauge
transformation—in which the Hamiltonian is non-diagonal but smooth. Finding such a basis is the dia-
batization problem: it is a gauge-fixing problem on the Berry connection.

On a simply connected region free of conical intersections, the Berry connection is flat and parallel
transport gives an exact diabatic basis. When the region contains conical intersections (non-trivial holon-
omy), exact diabatization is impossible and one seeks an approximate solution—quasi-diabatization.
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The standard computational method is: (i) compute eigenstates on a grid of nuclear configurations;
(ii) form overlap matrices between adjacent grid points; (iii) propagate a reference frame along a span-
ning tree of the grid by composing these overlaps. This is discrete parallel transport on a cubical
complex—precisely the setting of cubical homotopy theory.

The problem, for chemists. This paper recasts the diabatization algorithm in the language of cubical
sets and fibrations. The dictionary is:

Your computational grid = a finite cubical complex

Overlap matrices Uy = a discrete U(N) connection
Holonomy check: |W, —1I|| < &? = testing the cubical fibration condition
Spanning-tree propagation = fibrant replacement (ASOA)

ClI enclosed = inexact diabatization = topological obstruction to fibration

The categorical framework provides three outputs beyond repackaging. First, a discrete topological
invariant v € (Z/2)V~! that classifies conical intersection types from grid data—extracting information
the standard ||W —I|| > & check currently discards (Theorem[6.2). Second, a variational formulation of
quasi-diabatization with a topological lower bound on residual coupling (Section[8)). Third, a proof that
the spanning-tree algorithm is not merely a heuristic but the canonical output of a general categorical
construction (Corollary [5.7)), providing theoretical justification for a procedure used since the 1990s.

What the Cubical Agda formalization certifies. The spanning-tree algorithm’s correctness depends
on three algebraic properties: gauge invariance of holonomy (the result doesn’t depend on the input
basis), additivity of Berry numbers (invariants compose when regions are joined), and the equivalence
between flatness and fillability (parallel transport gives an exact diabatic basis iff the connection is flat).
These properties have been machine-verified in Cubical Agda [18] for the Z/2 Berry parity model (Ap-
pendix D). The type-checker certifies that these properties hold by construction in the discrete cubical
framework, independently of the continuous theory they discretize.

Diabatization methods as points in FI(CV). The flag manifold classification (Theorem organizes
the landscape of diabatization methods: each method selects a point or submanifold. The assignment
respects bundle isomorphisms: a connection-preserving isomorphism induces a diffeomorphism of flag
manifolds mapping each method’s locus to itself.

Method Selection rule Locus in Unique?
F1(CM)

Parallel transport Path-ind. lift from Ry~ Single point Yes

Boys localization [3]  max ¥ |u;|? Critical sub-  Locally
manifold

Block diag. [4] Eigenbasis of P Eigenspace flag  If non-deg.

Gen. Mulliken- Eigenbasis of fI Dipole- If non-deg.

Hush [6] eigenspace
flag

Parallel transport from a basepoint Ry is the geometric analogue of fibrant replacement. Boys localization
maximizes ¥; |(¢;]|1|¢;)|? (the dipole operator 1), with critical points forming a submanifold of FI(CV).



16 Adiabatic Transport as a Cubical Presheaf

Block diagonalization diagonalizes a molecular property matrix P; k-fold degeneracy leaves U(k) /U(1)k
residual freedom. The geodesic distance on FI(CV) from the bi-invariant metric on U(N) provides a
natural measure of disagreement between methods.

B The Diabatization Algorithm

The parallel transport construction (the geometric fibrant replacement) yields a computational algorithm,
stated here for completeness.

Given adiabatic states {|y;(Ry))} on a grid 4 = (V, &) of nuclear configurations:

Step 1 (Transport matrices). For each edge (Ry, Ry ), compute the overlap S = ‘I’Z‘Pk/ and extract the
unitary factor via SVD: § = ULV’ Uy =UV".

Step 2 (Topology detection). For each elementary cycle y in ¢, compute the holonomy W, =
[Tedages U- If |Wy, — I]| > €, the cycle encloses a conical intersection.

Step 3 (Diabatic basis). Fix a basepoint ko with Sy, = Iy. For each vertex Ry in BFS order from ko,
set S = ([Tpath edges U )'. The diabatic Hamiltonian is Hi%® = SkH,?diabSZ.

This algorithm is the discrete analogue of fibrant replacement: the BFS spanning tree provides canon-
ical paths from the basepoint, and parallel transport along these paths “flattens” the connection. On
simply connected domains the result is independent of spanning tree choice (up to numerical precision).

C Three-State Model Computation

We verify the discrete CI classification (Theorem[6.2)) on a concrete three-state model Hamiltonian with
two isolated conical intersections.

C.1 Model Hamiltonian

Consider M = R? with coordinates (x,y) and the 3 x 3 diabatic Hamiltonian

x+a vy 0
HiGxy)= vy 0 (11)
0 y —(x—a)

with a > 0 a separation parameter. This has two conical intersections: CI;_; at (—a,0) where E| = E; and
the (1,2)-coupling vanishes, and Cl,.3 at (a,0) where E, = E3 and the (2,3)-coupling vanishes. Near
each CI, the local structure is a standard Jahn—Teller cone.

C.2 Discrete Computation on a Grid

Place a rectangular grid 4 on [—L, L]?> with spacing h. At each grid point Ry, diagonalize H(R;,) to obtain
adiabatic states {|y;(Rx))};_,. For each edge (Ry,Ry'), compute the 3 x 3 overlap matrix Uyy = ‘PZ‘PH.
For three loops in ¢:

* 712: rectangle enclosing only (—a,0)
* 73 rectangle enclosing only (a,0)

* Yhoth: rectangle enclosing both Cls
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compute the holonomy Wy =[], U, and extract eigenvalues e e % ordered by continuity from
the adiabatic basis at the basepoint. The multi-state Berry numbers v = (v;,V,) are computed as in
Definition [6.1]

Fora=2,L=4, h=0.1, we obtain:

LOOp (b17b27b3) v

Y12 (1,1,0) (1,0)
V3 (0, 1, 1) (0, 1)
Yooth (17071) (171)

matching the predictions of Section and confirming the additivity v(fhom) = V(%12) +V(¥23) in (Z/2)?.
The scalar holonomy check ||W — I|| detects non-triviality for all three loops, but cannot distinguish yoth
from a single CI: all three have eigenvalue multiset {—1,—1,+1}. The (Z/2)? invariant resolves this
ambiguity completely.

C.3 Comparison with Continuous Computation

In the smooth setting, the same information requires: (i) constructing a smooth Berry connection A
by interpolating from grid data, (ii) choosing a smooth surface ¥ with d¥ = ¥, and (iii) integrating
F =dA+ A NA over X to obtain Chern numbers. For the discrete computation, none of these steps is
needed: the overlap matrices are the primary data, the grid plaquettes constitute the surface, and the Berry
numbers are extracted from the eigenvalues of the holonomy product. The additional computational cost
beyond the standard algorithm is one N x N eigenvalue decomposition per loop.

D Certified Computation in Cubical Agda

We have formalized the discrete Berry number computation in Cubical Agda [18]], producing machine-
checked proofs of the core algebraic properties. The formalization works over Z /2-valued connections—
the Berry parity model—which captures the essential discrete structure while remaining tractable for
formal verification. Source code is available at https://github.com/karsar/berry_agda.

Module structure. (i) Z2: 7Z/2 as a group under XOR, with certified associativity, commutativity, iden-
tity, and involution. (ii) Grid: finite cubical grids with vertices, directed edges, plaquettes, Z/2-valued
connections, holonomy as XOR around plaquettes, and gauge transformations. (iii) GaugeInvariance:
proof that holonomy is invariant under gauge transformation, verified by exhaustive case analysis (256
cases). (iv) BerryNumber: Berry number defined as plaquette holonomy, with additivity for adjacent pla-
quettes sharing an edge: shared edge values cancel by symmetry plus an algebraic identity (128 cases).
(v) Fibration: the open box filler (unique fourth edge achieving zero holonomy), with proofs that the
filler is correct and that flatness is equivalent to fillability (discrete Theorem [2.3)).

Certified properties. Three properties from the main text are formalized as types whose inhabitants
are constructive proofs:

* Gauge invariance (Theorem a)): gauge-invariant proves hol(g-A, f) = hol(A, f) for all
gauges g, connections A, and plaquettes f.
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* Additivity (Theorem[6.2(b)): berry-additivity proves V(fi) ® v(f>) = v(f1 U f») for adjacent
plaquettes with symmetric connections.

* Fibration < flatness (Theorem [2.3): filler-correct and flat-fills together prove that the
open box condition is equivalent to zero holonomy.

Scope and significance. The formalization covers the Z/2 Berry parity model, not full U(N) con-
nections. An intermediate extension to Z-valued connections—tracking integer Chern numbers, with
holonomy as addition around plaquettes—would capture the full ZV~! classification without requiring
eigenvalue decomposition, and is a tractable next step. Full U(N) would require formalized matrix al-
gebra and eigenvalue extraction, a substantially larger project. Nevertheless, the Z/2 model captures
the algebraic structure that underlies gauge invariance, additivity, and the fibration—flatness equivalence.
The formalization provides independent verification that these properties hold by construction in the dis-
crete cubical framework, not merely by appeal to the continuous theory they discretize. More broadly, it
demonstrates that the cubical framework admits formal verification: the type-checker certifies v, guar-
anteed correct by construction rather than by floating-point comparison.

Cartesian versus De Morgan cubical structure. The theoretical framework of this paper (Sections
uses Cartesian cubical sets in the sense of Awodey [9]: face maps, degeneracies, and open box filling,
with no reversal operation on the interval. The Cubical Agda implementation, however, uses CCHM-
style cubical type theory [18], which equips the interval with De Morgan structure: a reversal involution
~i = 1—1i that provides path reversal as a primitive. For the Z/2 Berry parity model, this is a natural
fit: every element of Z/2 is its own inverse, so reversing a path preserves holonomy (hol(y~!) = hol(y)
for Z/2-valued connections). The De Morgan reversal encodes this involution directly as a structural
identity, rather than requiring a separate proof. This distinction has no effect on the certified properties
(gauge invariance, additivity, and fibration—flatness hold in both settings), but the De Morgan structure
simplifies the formalization of path reversal arguments that arise in the gauge invariance proof.

Relationship to cubical type theory. In the CCHM semantics of cubical type theory [17], a fibration
p : E — Bmodels a dependent type whose Kan filling operations give transport along paths. Theorem[2.3]
says that the adiabatic transport presheaf models such a dependent type if and only if F = 0—filling
operations exist iff the connection is flat. When F # 0, the dependent type of simultaneously parallel
sections has no global elements over 2-cubes (Theorem[5.2), and the ASOA produces formal fillers that
witness a non-geometric resolution. The fibers E, = CV are contractible, so the presheaf carries no
higher homotopical information in the sense of Bezem-Coquand-Huber [19] or Awodey [9]; the content
is entirely at the level of connections and transport, not homotopy types.

Type-theoretic reading of the main results. The main text uses Awodey’s Cartesian cubical frame-
work [9]], whose model-categorical properties (Theorem 9.8, op. cit.) underpin the ASOA analysis. How-
ever, the CCHM semantics provides a complementary reading of each main theorem in type-theoretic
language, which we record here for readers from the cubical type theory community.

The Berry connection provides transport without composition. In CCHM, a fibration has both trans-
port (lifting along 1-paths) and composition (coherent filling of 2-cubes). Theorem [2.3|(I) says the adi-
abatic transport presheaf always has 1-transport (ODE existence), while parts (2)—(3) say composition
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exists iff F/ = 0. Thus the Berry connection is a pre-type family with transport but without composition—
an object that arises naturally in gauge theory but is rarely encountered in type theory, where fibration
conditions are all-or-nothing.

The holonomy obstruction (Theorem [5.2) has a precise compositional reading. The CCHM comp
operation takes a partial tube (open box) and produces a filler; the cubical identity 9 d) = 99 on the
transport candidate is the statement that composing transport left—top equals transport bottom—right—
i.e., path composition is coherent. Its failure is exactly holonomy. The ASOA fillers (Proposition [5.6])
are then freely postulated comp terms adjoined to a pre-type family that lacks them: passing from &7 to
o freely adds composition witnesses not arising from geometric transport.

Finally, the contractible-fiber limitation explains why gauge structure is invisible to the homotopy-
theoretic layer. In CCHM, a fibration with contractible fibers is equivalent to the identity family (all
types in the family are propositionally equal to 1). Since our fibers E, = CV are contractible, <7 is homo-
topically trivial—confirming the sharp limit stated in Section[9] All gauge-theoretic content (holonomy,
FI(CV) classification, v invariants) resides in the connection structure that the face maps encode, not
in the homotopy type. Recovering this connection-level information type-theoretically would require
enriching the type theory with differential structure, as in the cohesive framework of Schreiber [20]]; we
leave this direction to future work.

E Explicit ASOA on a Multi-Plaquette Grid

We compute the ASOA fibrant replacement on a 2 x 1 grid with a 3-state system, demonstrating the
transport formula of Proposition [5.6 on explicit matrices and establishing the scope of the ASOA’s con-
tribution.

Setup. The grid has vertices (i, j) € {0,1,2} x {0,1}, two plaquettes f; (corner (0,0)) and f> (corner
(1,0)), and seven directed edges. Set all bottom, left, and right-boundary transports to /3. The shared
edge (vertical, from (1,0) to (1,1)) carries a generic unitary U, = diag(e'®, e, ¢'7). Holonomies Wy =
7, "7 ' 1 T then reduce to
Wy =10, Wp=U;"13", (12)
where 77, is the top-edge transport of plaquette f;. Choose
Wy, =diag(—1,-1,1), W, =diag(1,—1,—1), (13)

a (1,2)-Cl in f; and a (2,3)-CI in f>, with Berry numbers v(f;) = (1,0) and v(f2) = (0,1). The top
transports are then 77, = UveTl and 7, = ij U, ! (which equal U, Wy, and W, U, ! respectively, since
the chosen holonomies are involutory: W}k =1).

ASOA Step 1. Proposition gives the missing-top filler T7 = Tz 7T, ! In our gauge:

tr,=U,-1-1=U,, (14
iy, =1-1-U' =U". (15)

These formal transports differ from the geometric ones by the holonomy:

%Tl = 1Tp -Wfl, %Tz =15 sz, (16)
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confirming %7 = 77 - Adg, (Wy) from (§) (with 7, = I for f; and 7, = U, for f>; note Ady,(Wy,) =Wy,
since both are diagonal).
For each plaquette the missing-right filler is T = 777,75 I

A A —1
T}Q =17, 1{2 =15, a7
where f'{z uses the missing-left formula %; = 7, ! TrTp. Both act on the shared edge.

Step 2 and termination. On a 2D grid, there are no 3-cubes, so Step 1 fillers create no new open
2-boxes requiring further filling. The ASOA terminates at Step 1: &/ = 7).
At the shared edge, the Step 1 fillers from f; and f, provide two formal transports, 'i'};l = 77, and

%{2 =1 ! alongside the geometric U,. Their discrepancy is

(%1];1)71%{2 = Tilril = (Wferil)(UEsz) =W Wp, = diag(_17 17_1)7 (18)

which is entirely determined by Wy, and Wy,—the shared edge parameter U, cancels.

Non-abelian variant. The diagonal example above has Ady, (Wy) = Wy because all matrices commute.
To exhibit the adjoint action’s role, replace the shared edge transport by

L (1 0 -1
U,=Ri3(n/4) = 7 0 v2 0], (19)
1 0 1

a rotation mixing states 1 and 3. This changes the top transports 77, (so that holonomies remain (I3])) but
leaves Wy,, Wy,, and all boundary transports unchanged.

The Step 1 fillers are still 77, = 77, - Ad_w (Wy,). For fi, ‘L'él) = I and the correction is simply Wy,,
L
independent of U,. For f;, Téz) =U, =Ry3(m/4) and

0 0 1
AdRB(,rM)(diag(l,—1,—1)) =10 -1 0], (20)
1 0 0

which has the same eigenvalues {1, —1,—1} as Wy, but is non-diagonal: the correction now mixes states 1
and 3. Compare with the abelian case, where Ad;(Wy,) = diag(1,—1,—1) acts only on state 2.

Both configurations have identical plaquette holonomies, identical Berry numbers, and identical
shared-edge discrepancy (I8). But their ASOA fillers differ:

0 0 1
%T(zdlag) _ T;;ilag) -diag(l,—l,—l), %T(ZRB) _ T;f”)' (1) _01 8 ] 1)

The ASOA correction at f, records how f;’s Berry curvature defect appears when transported through
the shared edge to f,’s gauge frame. When U, mixes states 1 and 3, the (1,2)-CI defect at f; propagates
as a correction mixing states 1 and 3 at f,—precisely the non-abelian “holonomy defect propagation”
of Section 5.5 This gauge-frame information is invisible to any gauge-invariant quantity (holonomies,
Berry numbers, or the discrepancy (I8)) but is retained by the ASOA as part of its canonical frame-
adapted resolution.
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Gauge-covariant structure. The preceding example illustrates a general principle: the ASOA operates
in the original gauge (the adiabatic representation), producing fillers that are gauge-covariant rather than
gauge-invariant. A spanning tree diabatization first transforms to tree gauge (setting all tree edges to I),
then places residual holonomy on cut edges—destroying the original gauge frame. The ASOA instead
distributes the holonomy defect via Ad, (Wy) at each plaquette, preserving the relationship between the
correction and the local adiabatic basis.

The ASOA correction Cy = Ady, (Wy) at plaquette f satisfies:

1. Cy has the same eigenvalues as Wy (topology preserved);
2. Cyis conjugated into the gauge frame at the left edge of f (frame adapted to local transport);

3. for adjacent plaquettes sharing an edge, the corrections interact through the shared transport: in
the example above, the correction at f> depends on U, even though Wy, does not, because Ad,
conjugates the holonomy into the local frame.

A spanning tree diabatization achieves property (1) and fixes property (2) for tree edges, but breaks
frame-adaptation at cut edges (where residual holonomy is concentrated), and different tree choices
produce incompatible frames. The ASOA maintains all three properties by distributing the correction
across every plaquette. Note, however, that when the ASOA fillers are converted to a vertex gauge {S }
by propagation from a root, the result is a specific spanning tree (Corollary [5.7): the gauge-covariant
structure lives at the level of fillers, not of the extracted gauge.

Comparison with spanning trees. A spanning tree of the 2 x 1 grid cuts two edges (one per cycle). In
tree gauge (all tree edges set to I), each cut edge carries a residual that absorbs the enclosed holonomy.
Three representative trees, with residuals for the diagonal case (T3)):

Cut edges Residuals (on cut edges) Label

T, > Wfl’ sz Eop
I, E WiWp, Wy, Tshare
E T Wfla Wf1 sz Ts/hare

All three are gauge-equivalent: the transformation Tiop — Tghare acts by ga,n =Wy, trivially elsewhere.
The ASOA fillers (I4)—(15) constitute a fourth specific representative: replacing each geometric top
transport by its ASOA filler produces a flat connection in the original gauge, equivalent to any spanning

tree choice via g1 1) = Ul

Theorem E.1 (ASOA data on simply connected 2D grids). Let & be a simply connected finite 2D grid
with U(N) connection {U,}. The gauge equivalence class of the ASOA fibrant replacement <f |« is
completely determined by the plaquette holonomy set {Wy : f € G}.

Proof. On a simply connected grid, any connection is determined up to gauge by its holonomies on
plaquettes (the grid’s 2-cells generate H>). Since the ASOA filler at each plaquette is determined by
the presheaf <7|y, gauge-equivalent 1nputs y1e1d gauge-equivalent outputs. On a 2D grid the ASOA
terminates at Step 1 (no 3-cubes), so o/ = o), which is determined by {W;} up to gauge. O

What the ASOA uniquely provides. The theorem shows the ASOA does not extract new gauge-
invariant information from a simply connected 2D grid beyond {W;}. Its contribution is structural:
canonicity (one resolution vs. exponentially many spanning trees, Corollary [5.7) and three additional
properties demonstrated by the example above.
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1. Gauge covariance: the ASOA operates in the original gauge, producing corrections (20) adapted
to the local adiabatic frame. Two connections with identical {W;} but different inter-plaquette
transports produce different ASOA corrections (21J).

2. Formal cell structure: <7 is a cubical set with both geometric and formal cells. The number and
location of formal 2-cells—one per non-flat plaquette per open box type—is a grid-level summary
of Berry curvature distribution, computable without choosing a gauge.

However, when the ASOA gauge is extracted by propagation from a root vertex, the result coincides with
the spanning tree rooted there (Corollary[5.7): the gauge-covariant structure of the fillers does not survive
gauge extraction. Whether it can be exploited differently (e.g., as weights in iterative quasi-diabatization)
remains open. On non-simply connected grids (e.g., periodic boundary conditions on an n, X n, torus),
the connection carries additional gauge-invariant data beyond {W}: the holonomy of non-contractible
loops. The cycle space of a torus grid has dim = |&| — |V|+ 1 = nn,+ 1, while plaquette boundaries span
a codimension-2 subspace (the boundary of a closed surface is zero), leaving a quotient = Z? generated
by the two non-contractible cycles. Concretely, a spanning tree has n,n, + 1 cut edges: n,n, — 1 dual
to plaquettes (carrying contractible holonomy Wy) and 2 dual to the generating non-contractible cycles
(carrying monodromy). As a consequence, Theorem [E.T|fails: different spanning trees can differ in how
they distribute the non-contractible holonomy, yielding gauge-inequivalent diabatizations. The ASOA
still produces one canonical filler per open box type, but the resulting gauge class depends on both {W/}
and the monodromy of the non-contractible cycles—strictly more data than in the simply connected case.
A systematic treatment of this regime is relevant for periodic systems in solid-state physics, and we leave
it to future work.

F Subspace Tracking: Numerical Verification
Remark [8.2] identifies two regimes for the cubical defect (T0): trivially zero when the full eigenspace is

tracked (N = M, square unitary V}), and non-trivially positive for subspace tracking (N < M, rectangu-
lar V). We verify both predictions on the following model.

Model. A four-state diabatic Hamiltonian on R? with a conical intersection between states 1-2 at (—a, 0):

x+a y ¢ 0
|y —(x+a) 0 c/2
Hixy) =1 - 0 Ag+0.1x 0.05y ’
0 c/2 0.05y  Ag+0.3-0.1x

where a = 2, A, = 5 is the energy gap to the untracked states, and c is the inter-subspace coupling.
When ¢ = 0 the upper 2 x 2 block has a standard Jahn-Teller CI; for ¢ > O the tracked and untracked
subspaces mix, and the CI shifts slightly but persists (codimension-2 degeneracies are generically stable
under perturbation).

We compute on a grid [—a — L,—a+ L] x [—L,L] with L = 2, spacing h = 0.5 (9 x 9 = 81 vertices).
At each vertex k we diagonalize H(xy,yx) to obtain eigenvectors V; € R*Nwek | then form overlap ma-
trices Uy = Upolar(VkTVk/), where Upolar(A) = U VT for the SVD A = UXV" is the nearest unitary to A in
Frobenius norm (for square unitary V, this equals V,j Vi directly).
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Factorization theorem. For the full eigenspace (N = M = 4), the factorization gauge S = VkTVkO gives
S;Ukk/Sk/ = [ on every edge, hence Ag,. = 0 to machine precision. For the tracked subspace (N = 2,
M = 4), V, € R**2 satisfies VkaT = Iy, and the factorization breaks: Ag,. > 0.

Table [I| confirms both predictions across a range of coupling strengths.

Table 1: Cubical defect vs. inter-subspace coupling c. Ag,c(N=4) is identically zero (machine precision)
for all couplings, confirming the factorization theorem. Ag,.(N =2) grows with ¢, measuring the failure
of the rectangular overlap to factor. A is the spanning-tree gauge value; A* is the global optimum over
O(2) gauges (81 rotation angles, 30 restarts of L-BFGS-B seeded from the spanning tree).

Cc Afac (N = 4) Afz;u: (N = 2) Atree A* A* / Atree
000 3x107% 0 0 0 —
005 2x10°28 10~ <107 <1077 0.107

0.10 2x10728 2% 107 <107 <1077 0.107
020 5x10728  33x10* 3x10° 3x1077 0.108
030 3x1072  1.6x1073 14x107° 1.6x107° 0.108
050 5x1072  1.1x10%2 9.6x10° 1.1x107° 0.110
080 5x1072  53x1072 45x10* 52x107° 0.115

Interpretation. At ¢ = 0 the states decouple into 2 x 2 blocks and tracking N = 2 states is effectively
a full-eigenspace problem within the block, so A = 0. As coupling increases, the adiabatic eigenvectors
at each grid point mix all four states, the tracked subspace projector Vlej rotates nontrivially, and the
factorization identity VkaT = [ that guarantees A = 0 in Remark fails progressively. The hierarchy
Agac > Ayree > A* > () persists across all nonzero couplings, with each step representing a different source
of improvement: the factorization gauge Sy = VkTVkO accumulates distortion over long graph distances,
while the spanning tree propagates locally; the global optimum A* further improves by distributing resid-
ual coupling across the grid.

The ratio A*/Agee =~ 0.108 is stable across five decades of coupling strength, indicating that the
improvement factor is geometric (determined by grid structure) rather than physical. The global optimum
is approximately 9x smaller than the spanning-tree value, but both track the same physical signal: the
cubical defect introduced by inter-subspace mixing. Whether this ratio admits an analytic expression in
terms of the grid dimensions and spanning-tree structure is an open question.

At strong coupling (¢ = 0.8), the loop holonomy eigenphases reach +0.527 and the discrete Berry
number flips to v = (1), activating the topological lower bound of Proposition A*=52x107>0,
confirming that no gauge transformation can eliminate the cubical defect. (At intermediate coupling ¢ =
0.5, the eigenphases are +0.461—below the /2 rounding threshold for by—so the invariant reads v =
(0) despite nonzero holonomy. A finer grid enclosing the CI more tightly would shift the transition to
smaller ¢.) This demonstrates that the invariant v detects conical intersections through the subspace
overlap connection even when the CI lies in a subsystem coupled to additional states.

G Ab Initio Validation: H; Conical Intersection

We validate the discrete Berry number (Theorem [6.2)) on an ab initio electronic structure calculation,
moving from model Hamiltonians (Appendix [C)) to a real chemical system.
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System. Triatomic hydrogen Hsz has a conical intersection at the equilateral triangle (D3;,) geometry
between its two lowest doublet states—the prototypical Berry phase system [8, [1} [12]]. We compute two-
state adiabatic wavefunctions at the SA-CASSCF(3,3)/STO-3G level (state-averaged complete active
space SCF with 3 electrons in 3 orbitals, two equally weighted doublet states) using PySCF [21]. The
third vertex of the triangle is displaced by Jahn—Teller coordinates (Q., Qy) from the equilateral position;
the CI lies at O, = Q, = 0. The bond length is o = 1.8 bohr (0.95 A). At the Ds;, geometry, the energy
gap between the two states is zero to machine precision, confirming the degeneracy.

Method. At each pair of adjacent grid points or loop vertices (R, Ry ), we compute the 2 x 2 state
overlap matrix S, = (¥;(Ry)|¥,(Ry)) via determinant-based CI overlap with cross-geometry AO inte-
grals. Since SA-CASSCF produces real wavefunctions, the Berry parity for each state is determined by
the sign of the diagonal overlap product around a closed loop: b; = 0 if [T (¥ (Rk)|¥;(Ris1)) > 0, and
bj =1 otherwise. This is the per-state version of the holonomy eigenvalue test in Definition @: for real
wavefunctions, the eigenphases of W), are 0 or 7, and the sign of the diagonal product determines which.

Circular loops. We compute the Berry parity around circular loops of radius 0.15 bohr centered at the
CI, with varying numbers of sample points. All loops correctly yield b = (1,1), giving v = 1:

nps TL(WiwE™) T(wslvs ™) b v

8 ~0.519 ~0.518 (1,1) 1
16 —0.724 —0724  (1,1) 1
32 —0.852 —0.851 (1,1) 1
48 —0.899 —0.898 (1,1) 1

The overlap products are negative for all discretizations (converging toward —1 as the discrete approxi-
mation to the 7-phase improves), correctly detecting the sign change predicted by Proposition 2.1} The
result is equally stable across loop radii (0.05-0.30 bohr). For comparison, three off-CI loops (centers
displaced to (0.3,0.3), (—0.3,0.3), (0.0,0.3) bohr, radius 0.10 bohr, 24 points each) all give b = (0,0),
v=0.

Grid plaquette map. On a 15 x 15 rectangular grid with Q,,Q, € [—0.25,0.25] bohr (spacing h =
0.036 bohr), we compute the per-plaquette Berry number. Of the 196 plaquettes, exactly one has v = 1:
the plaquette containing the origin, with center near (Qy, Q) = (0.018,0.018) bohr. All other plaquettes
have v = 0. The plaquette holonomy norm ||W; —I|| peaks at 2.82 on this cell (median over all cells:
2.8 x 107), confirming that Berry curvature is sharply concentrated at the CI.

Concentric rectangular loops centered on the CI all give v = 1 regardless of loop size (margin 1-
7 plaquettes), with per-state overlap products in the range [—0.90, —0.53]—consistently negative and
well-separated from zero.

Significance. This is the complete pipeline envisioned by Theorem [6.2} ab initio wavefunctions —
overlap matrices — holonomy products — Berry parity — discrete invariant v € Z/2. No smooth
interpolation, surface integration, or Chern number computation is required. The invariant is computed
entirely from the primary data of the standard diabatization algorithm (Appendix [B)), at the additional
cost of tracking overlap signs around loops.
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